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Chapter 1

ELEMENTS OF PROBABILITY
THEORY AND STATISTICS

1.1 Sample Space

Suppose a coin is tossed once and the up face is recorded. This is an
observation, or measurement. Any process of making an observation
is called an experiment.

Definition 1. An experiment (trial) is an act or process that leads to
a single outcome (event) that cannot be predicted with certainty.

The events that may occur and may not occur when the set of conditions
connected with the possibility of their occurence is realized are called ran-
dom or stochastic. Random events are denoted, e.g., by the letters or
numbers.

Example 1. Consider simple experiment consisting of tossing a die and
observing the number on the up face. The six basic possible outcomes to
this experiment are:

1. Observe a 1.
2. Observe a 2.
3. Observe a 3.
4. Observe a 4.
5. Observe a 5.
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6. Observe a 6.

Note that if this experiment is conducted once, you can observe one and
only one of these siz basic outcomes, and the outcome cannot be predicted
with certainty. Also these possibilities cannot be decomposed into more
basic outcomes. The basic possible outcomes to an experiment are called
simple events.

Definition 2. A simple event is the most basic outcome of an experi-
ment.

Example 2. Two coins are tossed, and their up faces are recorded. List
all the simple events for this experiment.

Solution. Even for a seemingly trivial experiment, we must be careful

when listing the simple events. At first glance the basic outcomes seem to
be:

1. Observe two heads;
2. Observe two tails;
3. Observe one head and one tail.

However, further reflection reveals that the last of these: Observe one head
and one tail, can be decomposed into:

1. Head on coin 1, Tail on coin 2; and

2. Tail on coin 1, Head on coin 2.
Thus, the simple events are as follows:

1. Observe HH;

2. Observe HT;

3. Observe TH;

4. Observe TT,
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where H in the first position means Head on coin 1, H in the second
position means Head on coin 2, etc.

We often wish to refer to the collection of all simple events of an exper-
iment. This collection is called the sample space of the experiment. For
example, there are six simple events in the sample space associated with
the die-toss experiment.

Let us discuss some examples.

Example 3. Observe the up face on a coin. Sample space:
1. Observe a head.
2. Observe a tail.

This sample space can be represented in set notation as a set containing
two simple events:

S: {H,T}

where H represents the simple event Observe a head and T represents the
simple event Observe a tail.

Example 4. Observe the up face on a die. Sample space:
1. Observe a 1.
2. Observe a 2.
3. Observe a 3.
4. Observe a 4.
5. Observe a 5.
6. Observe a 6.

This sample space can be represented in set notation as a set of six simple
events:

S: {1,2,3, 4,5, 6}.
Example 5. Observe the up faces on two coins. Sample space:

1. Observe HH.
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2. Observe HT.
3. Observe TH.
4. Observe TT.

This sample space can be represented in set notation as a set of four simple

events:
S : {HH, HT, TH, TT}.

Definition 3. The sample space of an experiment is the collection of all
its simple events.

Definition 4. An event is a specific collection of simple events.

1.2 Probability

Now that we have defined simple events as the basic outcomes of the ex-
periment and the sample space as the collection of all simple events, we
are prepared to discuss the probabilities of simple events. You have un-
doubtedly used the term probability and have some intuitive idea about
its meaning. Probability is generally used synonymously with “chance,”
“odds,” and similar concepts. We will begin our treatment of probability
using these informal concepts and then solidify what we mean later. For
example, if a fair coin is tossed, we might reason that both the simple
events, Observe a head and Observe a tail, have the same chance of occur-
ring. Thus, we might state that the probability of observing a head is 50%
or the odds of seeing a head are 50 — 50. Both these statements are based
on an informal knowledge of probability. The probability of a simple
event is a number between 0 and 1 that measures the likelihood
that event will occur when the experiment is performed. Usually,
except the simple events, we involve so called a certain (sure) event (i.e.
an event which is sure to occur in each trial) and an impossible event
(i.e. an event which cannot occur whatever the trial). Sometimes is for
impossible event A used the notation A = () and for the certain event A
the notation A = 1.

No matter how you assign the probabilities to simple events, the prob-
abilities must obey two rules:
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1. The probability of a certain event A is p(A) = 1.
The probability of an impossible event A is p(A) = 0.

All simple event probabilities must lie between 0 and 1.

= LN

The probabilities of all the simple events within a sample space must
sum to 1.

Assigning probabilities to simple events is easy for some experiments. For
example, if the experiment is to toss a fair coin and observe the up face,
we would probably all agree to assign a probability of 1/2 to the simple
events. Observe a head and Observe a tail. However, many experiments
have simple events whose probabilities are more difficult to assign.

Example 6. Consider the experiment of tossing two coins. Suppose the
coins are mot balanced and the correct probabilities associated with the
simple events are given in the table:

Simple event | Probability
HH 4/9
HT 2/9
TH 2/9
T 1/9.

Consider the events:

A: {Observe exactly one head}

B: {Observe at least one head}.

Calculate the probability of A and the probability of B.

Solution. Event A contains the simple events HT and T H. Since two or
more simple events cannot occur at the same time, we can easily calculate
the probability of event A by summing the probabilities of the two simple
events. Thus, the probability of observing exactly one head (event A),
denoted by the symbol P(A), is

2 2 4
P(A) = P(Observe HT) + P(Observe TH) = 9T9= 9
Similarly, since B contains the simple events HH, HT', and TH,

4 2 2 8
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Definition 5. The probability of an event A is calculated by summing the
probabilities of the simple events in A.

The ratio of the number m of the occurrences of some random event
A in a given series of trials to the total number n of the trials of that
series is called the frequency of occurrence of the event A in the given
series of trials (or simply the frequency of the event A) and coincides with
probability p(A) = m/n.

1.3 Unions and Intersections

An event can often be viewed as a composition of two or more events. Such
events are called compound events; they can be formed (composed) in
two ways.

Definition 6. The union of two events A and B is the event that occurs
if either A or B or both occur on a single performance of the experiment.
We denote the union of events A and B by the symbol AU B.

Definition 7. The intersection of two events A and B is the event that
occurs if both A and B occur on a single performance of the experiment.
We write A N B for the intersection of events A and B.

Example 7. Consider the die-toss experiment. Define the following events:
A: {Toss an even number},

B: {Toss a number less than or equal to 3}.

a. Describe AU B for this experiment.
b. Describe AN B for this experiment.
c. Calculate P(AU B) and P(A N B) assuming the die is fair.

Solution.

a. The union of A and B is the event that occurs if we observe either an
even number, a number less than or equal to 3, or both on a single
throw of the die. Consequently, the simple events in the event AU B
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are those for which A occurs, B occurs, or both A and B occur.
Testing the simple events in the entire sample space, we find that the
collection of simple events in the union of A and B is

AUB = {1,2,3,4,6}.

b. The intersection of A and B is the event that occurs if we observe both
an even number and a number less than or equal to 3 on a single throw
of the die. Testing the simple events to see which imply the occurrence
of both events A and B, we see that the intersection contains only one
simple event:

ANB = {2},

In other words, the intersection of A and B is the simple event “Ob-
serve a 2”.

c. Recalling that the probability of an event is the sum of the probabil-
ities of the simple events of which the event is composed, we have

P(AUB) = P(1)+P(2)+P(3)+P(4)+P(6) = é+é+é é+é 2,

and 1
P(ANB)=P(2) = .

U

Unions and intersections can be defined for more that two events. For
example, the event A U B U C represents the union of three events, A, B,
and C. This event, which includes the set of simple events in A, B, or C,
will occur if any one or more of the events A, B, or C' occurs. Similarly,
the intersection AN B N (' is the event that all three of the events A, B,
and C occur. Therefore, AN B N C' is the set of simple events that are in
all three of the events A, B, and C.

1.4 The Additive Rule and Mutually Exclusive
Events

Theorem 1. (Additive rule of probability) The probability of the uni-
on of events A and B 1is the sum of the probability of events A and B minus
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the probability of the intersection of events A and B; i.e.,
P(AUB)=P(A)+ P(B)— P(ANB).

Example 8. Hospital records show that 12% of all patients are admitted
for surgical treatment, 16% are admitted for obstetrics, and 2% receive
both obstetrics and surgical treatment. If a new patient is admitted to the
hospital, what is the probability that the patient will be admitted either
for surgery, obstetrics, or both?

Solution. Consider the following events:
A: {A patient admitted to the hospital receives surgical treatment},
B: {A patient admitted to the hospital receives obstetrics treatment}.
Then, from the given information,
P(A)=0,12, P(B)=0,16

and the probability of the event that a patient receives both obstetrics and
surgical treatment is
P(ANB)=0,02.

The event that a patient admitted to the hospital receives either surgical
treatment, obstetrics treatment, or both is the union AUB. The probability
of AU B is given by the additive rule of probability:

P(AUB)=P(A)+ P(B)— P(ANB)=0,12+ 0,16 = 0, 26.

Thus, 26% of all patients admitted to the hospital receive either surgical
treatment, obstetrics treatment, or both.

A very special relationship exists between events A and B when ANB con-
tains no simple events. In this case, we call the events A and B mutually
exclusive events.

Definition 8. Events A and B are mutually exclusive if AN B contains
no simple events.

Theorem 2. If two events A and B are mutually exclusive, then

P(AUB) = P(A) + P(B).
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Above definitions can be generalized for the case of any finite number of
events.

Definition 9. Events A;, Ay, ..., A, are mutually exclusive if A; N A,
contains no simple events for every ¢,7 =1,2,...,n, i # j, i.e.,

AiﬂAjZQ, i,j:1,2,...,n, Z#]
Theorem 3. If events Ay, Ao, ..., A, are mutually exclusive then
P(AJUAsUAsU---UA,) = P(A) + P(Ay) +---+ P(A,).

Example 9. Consider the experiment of tossing two balanced coins. Find
the probability of observing at least one head.

Solution. Define the events:
A: {Observe at least one head},
B: {Observe exactly one head},
C: {Observe exactly two heads}.

Note that
A=BUC

and that B N C contains no simple events. Thus, B and C are mutually
exclusive, so that

P(A):P(BUC):P(B)—I—P(C):;—I—i:i.

1.5 Complementary Events

Definition 10. The complement of an event A (or opposite event, or
contrary event) is the event that A does not occur - i.e., the event consisting

of all simple events that are not in event A. We denote the complement
od A by A’

The sum of the probabilities of complementary events equals 1; i.e.,

P(A)+ P(A") =1,
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In many probability problems it is easier to calculate the probability of
the complement of the event of interest rather than the event itself. Then,
since

P(A)+ PA) =1
we can calculate P(A) by using the relationship
P(A)=1-P(A).

Example 10. Consider the experiment of tossing two fair coins. Calculate
the probability of event A: {Observing at least one head} by using the
complementary relationship.

Solution. We know that the event A: {Observing at least one head} con-
sists of the simple events

A: {HH, HT, TH}.

The complement of A is defined as the event that occurs when A does not
occur. Therefore,

A’ : {Observe no heads} = {TT}.

Assuming the coins are balanced,

P(A’):P(TT):ZIL
and / |3
P(A)=1-PA)=1- ;="

1.6 Conditional Probability

Sometimes we may wish to alter the probability of an event when we have
additional knowledge that might affect its outcome. This probability is
called the conditional probability of the event. For example, we have
shown that the probability of observing an even number (event A) on a toss
of a fair die is 1/2. However, suppose you are given the information that
on a particular throw of the die the result was a number less than or equal
to 3 (event B). Would you still believe that the probability of observing
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an even number on that throw of the die is equal to 1/27 If you reason
that making the assumption that B has occurred reduces the sample space
from six simple events to three simple events (namely, those contained in
event B), we get the reduced sample space. Because the simple events for
the die-toss experiment are equally likely, each of the three simple events
in the reduced sample space is assigned an equal conditional probability of
1/3. Since the only even number of the three in the reduced sample space
B is the number 2 and the die is fair, we conclude that the probability
that A occurs given that B occurs is 1/3. We use the symbol P(A | B)
to represent the probability of event A given that event B occurs. For the

die-toss example
P(A|B)=1/3.

To get the probability of event A given that event B occurs, we proceed
as follows. We divide the probability of the part of A that falls within the
reduced sample space B, namely, P(AN B), by the total probability of the
reduced sample space, namely, P(B). Thus, for the die-toss example with
event A: {Observe a number less than or equal to 3}, we find

P(A]B):P(AHB): P(2) :1/6:1.

P(B) P(1)+ P(2)+P(3) 3/6 3

The formula for P(A | B) is true in general:
To find the conditional probability than event A occurs given that event
B occurs, divide the probability that both A and B occur by the probability
that B occurs, that is

P(AN B)
P(B)

(We assume that P(B) # 0.) The formula adjust the probability A N B
from its original value in the complete sample space S to a conditional
probability in the reduced sample space B. If the simple events in the
complete sample space are equally likely, then the formula will assign equal
probabilities to the simple events in the reduced sample space, as in the

P(A|B) =

die-toss experiment. If, on the other hand, the simple events have unequal
probabilities, the formula will assign conditional probabilities proportional
to the probabilities in the complete sample space. This is illustrated by
the following example.
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Example 11. Many medical researches have conducted experiments to
examine the relationship between cigarette smoking and cancer. Let A
represent the event that an individual smokes, and let C' represent the
event that an individual develops cancer. Therefore A N C' is the simple
event that an individual smokes and develops cancer; A N C’ is the simple
event that an individual smokes and does not develop cancer, etc. Assume
that the probabilities associated with the four simple events are as shown
in the table:

ANC 10,15
ANC’ 0,25
A'NC (0,10
AN C"0,50

How can these simple event probabilities be used to examine the relation-
ship between smoking and cancer?

Solution. One method of determining whether these probabilities indi-
cate that smoking and cancer are related is to compare the conditional
probability than an individual acquires cancer given that he or she smokes
with the conditional probability that an individual acquires cancer given
that he or she does not smoke.

First, we consider the reduced sample space A corresponding to smokers.
The two simple events A N C and A N C' are contained in this reduced
sample space, and the adjusted probabilities of these two simple events are
the two conditional probabilities:

(ANC)

P(C\A):PP(A) PANT)

and P(C'|A)= P(P(A)

The probability of event A is the sum of the probabilities of the simple
events in A:

P(A)=P(ANC)+ P(ANC") = 0,15+ 0,25 = 0, 40.

The the values of the two conditional probabilities in the reduced sample
space A are

0,15 0,25
~—— =0,375 and P(C'|A)=-""—=0,625.

P(C| A) =
(@14) 0,40 0,40
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These two numbers represent the probabilities that a smoker develops can-
cer and does not develop cancer, respectively. Notice that the conditional
probabilities 0,625 and 0,375 are in the same 5 to 3 ratio as the original
(unconditional) probabilities, 0,25 and 0,15. The conditional probability
formula simply adjust the unconditional probabilities so that they add to
1 in the reduced sample space, A, of smokers.

In a like manner, the conditional probabilities of a nonsmoker developing
cancer and not developing cancer are:

P(A'NC) 0,10
P(A) 0,60

P(C|A) = = 0,167,
P(A'NC") 0,50

P(C' | A') = —
(1 4) P(A) 0, 60

— 0,833,

Notice that the conditional probabilities 0,833 and 0,167 are in the same 5
to 1 ratio as the unconditional probabilities 0,5 and 0,1.

Two of the conditional probabilities give some insight into the relationship
between cancer and smoking: the probability of developing cancer given
that the individual is a smoker, and the probability of developing cancer
given that the individual is not a smoker. The conditional probability that
a smoker develops cancer (0,375) is more than twice the probability that
a nonsmoker develops cancer (0,167). This does not imply that smoking
causes, but it does suggest a pronounced link between smoking and cancer.

1.7 The Multiplicative Rule and Independent Events

The probability of an intersection of two events can be calculated using
the multiplicative rule, which employs the conditional probabilities we
defined in the Section 1.6 (page 12), as shown in the following example.

Example 12. An agriculturist, who is interested in planting wheat next
year, is concerned with the following events:

B : {The production of wheat will be profitable} (1.1)
A : {A serious drought will occur}. (1.2)
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Based on available information, the agriculturist believes that the prob-
ability is 0,01 that production of wheat will be profitable assuming a
serious drought will occur in the same year and that the probability is
0,05 that a serious drought will occur. That is,

P(B | A) =0,01 and P(A) = 0,05.

Based on the information provided, what is the probability that a serious
drought will occur and that a profit will be made? That is, find P(AN B),
the probability of the intersection of events A and B.

Solution. As you will see, we have already developed a formula for finding
the probability of an intersection of two events. Recall that the conditional
probability of B given A is

P(ANB)

PBIA) = 5n

Multiplying both sides of this equation by P(A), we obtain a formula for
the probability of the intersection of events A and B. This is often called
the multiplicative rule of probability and is given by

P(ANB) = P(A)- P(B | A).

Thus
P(ANB)=0,05-0,01 = 0,0005.

The probability that a serious drought occurs and the production of wheat
is profitable is only 0, 0005. As we might expect, this intersection is a very
rare event.

Multiplicative Rule of Probability:

P(ANB) = P(A)-P(B| A) = P(B)- P(A| B). (1.3)

Intersections often contain only a few simple events. In this case, the prob-
ability of an intersection is easy to calculate by summing the appropriate
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simple event probabilities. However, the formula for calculating intersec-
tion probabilities plays a very important role, particularly in an area of
statistics known as Bayesian statistics (see part 1.11).

Example 13. Consider the experiment of tossing a fair coin twice and
recording the up face on each toss. The following events are defined:

A : {First toss is a head} (1.4)
B : {Second toss is a head}. (1.5)

Does knowing that event A has occurred affect the probability that B
will occur?

Solution. Intuitively the answer should be no, since what occurs on the
first toss should in no way affect what occurs on the second toss. Let us
check our intuition. Recall the sample space for this experiment:

1.{Observe HH}, 2.{Observe HT'}, (1.6)
3.{Observe TH}, 4.{Observe TT}. (1.7)
Each of these simple events has a probability of 1/4. Thus
1 1 1
P(B)=PHH)+P(TH)=-+- ==
4 4 2
and 1 1 1
P(A)=P(HH)+ P(HT) = 1 + 1= 73
Now

P(B| A) = P(ANB) _ P(HH) _ 1/4 _ 1

P(A) P(A) /2 2
We can now see that P(B) = 1/2 and P(B | A) = 1/2. Knowing that the
first toss resulted in a head does not affect the probability that the second
toss will be a head. The probability is 1/2 whether or not we known the
results of the first toss. When this occurs, we say that the two events A

and B are independent.

Definition 11. Events A and B are independent if the occurrence of B
does not alter the probability that A has occurred; i.e., events A and B

are independent if
P(A| B) = P(A).
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When events A and B are independent, it is also true that
P(B | A) = P(B).
Events that are not independent are said to be dependent.

In events A and B are independent, the probability of the intersection
of A and B equals the product of the probabilities of A and B; that is,

P(ANB)= P(A)P(B).
The converse is also true: If
P(ANB)= P(A)P(B),

then events A and B are independent.
By the probability multiplication rule, the probability of intersection of
n events is specified by the formula

P(AiNAyN...NA,) =
P(A) - P(As | A) - P(As | AsN Ay ... P(A, | AL0 A ... 0 Ay,

1.8 Collectively Independent Events

Definition 12. The n events A;, Ao, ..., A, are said to be collectively
independent if the probability of occurrence of each of them is not affected
by the occurrence of any other events taken in arbitrary combination.

Theorem 4. The probability of intersection of n collectively independent
events 1s equal to the product of their probabilities:

P(A N AN A3 ... N A) = P(A)) - P(Ay) - P(A,).

Example 14. Three marksmen do target practise. For the first marksman
the probability of hitting the target if 0,75, for the second, 0,8, for the
third, 0,9. Determine the probability of the three marksman the target.

Solution. We have
P(A)=0,75, P(B)=0,8, P(C)=0,9.
Events A, B and C' are collectively independent. Therefore
P(AnBNC)=P(A)-P(B)-P(C)=0,75-0,8-0,9 =0, 54.
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Example 15. Under the conditions of the previous problem determine the
probability of at least one marksman hitting the target.

Solution. Here P(A) = 1 — 0,75 = 0,25 (the probability of the first
marksman missing the target); P(B) = 1 — 0,8 = 0,2 (the probability
of the second marksman missing the target); P(C) =1 —0,9 = 0,1 (the
probability of the third marksman missing the target). Then P(ANBNC),
the probability of all three marksman missing the target, is determined as
follows:

P(ANBNC)=P(A)-P(B)-P(C)=0,25-0,2-0,1=0,005.

But the event contrary to the event AN BN C consists in the target being
hit by at least one marksman. Consequently, the sought-for probability is

P=1-PANnBNQC)=1-0,005=0,995.

1.9 Some Counting Rules

1. The Multiplicative Rule

Suppose that we have k elements, ny in the first set, no in the second set,

., and ny in the kth set. Suppose we wish to form a sample of k£ elements
by taking one element from each of the k sets. The number of different
samples that can be formed is the product

ninong - - - Nyg.

Example 16. There are 20 candidates for three different positions, FEj,
E5, and F3. How many different ways could you fill this positions?

Solution. For this example, there are k£ = 3 sets of elements corresponding
to:

Set 1: Candidates available to fill position Fj.
Set 2: Candidates remaining (after filling Fy) that are available to fill Es.

Set 3: Candidates remaining (after filling £y and Es) that are available to
fill Ej3.
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The numbers of elements in the sets are ny = 20, no = 19, ng = 18.
Therefore, the number of different ways of filling the three positions is
given by the multiplicative rule as

2. The Permutations Rule

Given a single set of N distinctly different elements, you wish to select n
elements from the N and arrange them within n positions. The number
of different permutations of the N elements taken n at a time is denoted
by PN and is equal to

N!

PN:N,(N_l).(N_Q)...(N_n+1):(N_n)!

n

(1.8)

where nl =n-(n—1)-(n—2)---3-2-1 and is called n factorial. The
quantity 0! is defined to be equal to 1.

Example 17. Consider the following transportation problem. You wish
to drive, in sequence, from a starting point to each of five cities, and you
wish to compare the distances - and ultimately the costs - of the different
routes. How many different routes would have to be compared?

Solution. Denote the cities as C7, Cs, ... , C5. Then a route moving from
the starting point to C5 to C; to C3 to Cy to Cs would be represented as
C5C1C3C4C5. The total number of routes would equal the number of ways
you could rearrange the N = 5 cities in n = 5 positions. This number is

5 5t 5l 5-4-3.2-1

> (5=51) 0 1

n

(Recall that 0! = 1.)

3. The Partitions Rule

There exists a single set of N distinctly different elements. You wish to
partition them into k sets, with the first set containing n; elements, the
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second containing no elements, ... , and the kth set containing n; elements.
The number of different partitions is

N!
n1!n2! .. nk' ’

(1.9)

where
ny+ng+ng+---+n,=N.

Example 18. You have 12 construction workers. You wish to assign three
to job site 1, four to job site 2, and five to job site 3. In how many different
ways can you make this assignment?

Solution. For this example, k = 3 (corresponding to the k = 3 different
job sites), N = 12, and ny = 3, ny = 4, and n3 = 5. Then the number of
different ways to assign the workers to the job sites is

N! 12!

= = 27720.

4. The Combinations Rule

A special application of the partitions rule - partitioning a set of NV elements
into £ = 2 groups (the elements that appear in a sample and those that
do not) - is very common. Therefore, we give a different name to the rule
for counting the number of different ways of partitioning a set of elements
into two parts: the combinations rule.

A sample of n elements is to be chosen from a set of N elements. Then
the number of different samples of n elements that can be selected from N
is denoted by (JX ) and is equal to

(]Z) - nu(j{;vln)v (1.10)

Note that the order in which the n elements are drawn is not important.

Example 19. Five soldiers from a squadron of 100 are to be chosen for a
dangerous mission. In how many ways can groups of five be formed?
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Solution. This problem is equivalent to sampling n = 5 elements from
a set of N = 100 elements. Thus, the number of ways is the number of
possible combinations of five soldiers selected from 100, or

100\ 100!
— = 75287520.
( 5 ) 5195!

Example 20. Explain the formula (1.9) with the aid of the combinations
rule (1.10) and the permutations rule (1.8).

Solution. A sample of n; elements is chosen from a set of N elements and
the number of different samples of n; elements that can be selected from
N is equal, by the combinations rule (1.10), to

)

A sample of ny elements is chosen from remaining set of N — n; elements
and the number of different samples of ns elements that can be selected
from N — n; is equal, by the combinations rule (1.10) to

N — ny
o) ’
etc. At the end the sample of n;_; elements is chosen from a set of
N—nl—ng—---—nk_g

elements and is equal, by the combinations rule (1.10), to

(N—n1—n2—"'—nk2>

nE—1

Finally, the sample of n; elements is chosen from a set of
N—ny—ng—---—np1=ng
elements and is equal, by the combinations rule (1.10), to

(N—nl—nz—“'—nk—1>

N



PROBABILITY (Preliminary version) Josef Diblik, February 16, 2005 23

Now, in accordance with the permutations rule (1.8) and with the combi-
nations rule (1.10) we get for number of different partitions

) (")
X X o0 X
ny D)

(N_nl_nQ_"‘_nkQ) " (N—n1—n2—“'—nk1) B

Ng—1 ng
N/ (N—?’Ll)'
X X - X
ni!(N —nq)! nol(N —ny — no)!
(N—n1—ng—-+—ng_o)! y
nk,1!<N — Ny —Ng — -+ — nkfl)!
(N—nl—nz—---—nk_l)!_ N! O
np!(N —np —ng — - —ng)! nglng! .. my!”

1.10 Summary of Counting Rules

1. Multiplicative rule

If you are drawing one element from each of k sets of elements, with the
sizes of the sets ni, no, ..., n., the number of different results is

ninoMng...Ng.

2. Permutations rule

If you are drawing n elements from a set of N elements and arranging the
n elements in a distinct order, the number of different results is

3. Partitions rule

If you are partitioning the elements of a set of N elements into k£ groups
consisting of ny,ng, ns, ..., ng elements (ny +nys +mn3+---+nx = N), the
number of different results is

N!

nilna! .. my!
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4. Combinations rule

If you are drawing n elements from a set of N elements without regard to
the order of the n elements, the number of different results is

(o) = s

The combinations rule is a special case of the partitions rule when k = 2.

1.11 Total Probability Formula, Bayes’s Formula

1. Total Probability Formula

forming a complete group of mutually exclusive events, then the event A
can be represented as a union of the events AN Hy, ANH,, ..., AN H,,
ie.,

A=(ANH)UANHy)U---U(ANH,).

The probability of the event A can be found from the formula
P(A)=P(ANH)+PUANH;)+ -+ P(ANH,)

or (after using multiplicative rule of probability (1.3))

P(A) = P(Hy) - P(A | Hy) + P(Hy) - P(A | Hy)+ -+ P(H,)- P(A | H,),

P(A) = 3° P(H) - P(A | H,), (1.11)

Formula (1.11) is known as the total (or composite) probability for-
mula.

Example 21. The first urn contains 5 white and 10 black balls, the second
3 white and 7 black balls. We draw one ball from the second urn and place
it into the first one. Then we randomly draw one ball from the first urn.
Determine the probability of the drawn ball being white.

Solution. Denote as an event A appearance of the white ball and deter-
mine P(A). After a ball was drawn from the second urn and placed into
the first, two collections of balls have turned out in the first urn:
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(1) 5 white and 10 black balls it contained prior to replacement;
(2) 1 ball replaced from the second urn.
Suppose that

Hj is the event that the randomly drawn ball belongs (previously) to the
first urn and

H, is the event that the randomly drawn ball belongs (previously) to the
second urn.

The probability of appearance of a white ball belonging to the first collec-
tion is 5 ]

PA|H)=—=—-

(ATH) = 15= 3

and the probability of appearance of a white ball belonging to the second

collection is 5
P(A| Hy)) = —.
(A| Hy) ==

The probability that the randomly drawn ball belongs to the first collection
is

15
P(H,)) =—
() =75
and to the second,
1
P(Hy) = —.
() =15

Using the total probability formula (1.11), we obtain

51 1 3 53
P(A)—P(H1)-P(A\H1)+P(H2)-P(A|HQ)—E-ngE-l—O—ﬁ.

2. Bayes’s Formula

Provided the event A has occurred, the conditional probability of the event
H; can be determined by Bayes’ formula

. _ PANH) _ P(H)-P(A|H)
P(H; | A) = PA) ) P H) (1.12)

7

where 1 =1,2,...,n.
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Example 22. We have three boxes identical in appearance. The first box
contains 20 white balls, the second box contains 10 white and 10 black
balls and the third box contains 20 black balls. We draw a white ball from
a randomly selected box. Calculate the probability of the ball being drawn
from the first box.

Solution. Suppose Hy, H, and Hj are the hypotheses consisting in select-
ing the first, the second and the third box, respectively. Let the event A
be the drawing of a white ball. Then
1

P(Hy) = P(Hy) = P(H;) = 3
since the selection of any of the boxes is equally probable. Moreover, the
probabilities of drawing a white ball from the first box, from the second
box and from the third box are:

10 1
P(A|H) =1, P(A| Hy)= 5=, P(A|Hy)=0.

The desired probability P(H; | A) can be found from Bayes’ formula (1.12):

P(H | A) =
P(Hy)- P(A| Hy)
P(Hy) - P(A| Hy) + P(Hs) - P(A| Hy) + P(H3) - P(A | Hj)
1-(1/3) 2

1-(1/3)+(1/2)-(1/3)+0-(1/3) 3~

1.12 Random Variable and the Law of Its Distribu-
tion

1. Definition of a random variable

Suppose an experiment has an outcome sample space S. A real variable X
that is defined for all possible outcomes in S (so that a real number - not
necessary unique - is assigned to each possible outcome) is called a random
variable. The outcome of the experiment may already be a real number
and hence a random variable, e.g. the number of heads obtained in 10
throws of a coin, or the sum of the values if two dice are thrown. However,
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more arbitrary assignments are possible, e.g. the assignment of a “qual-
ity” rating to each successive item produced by a manufacturing process.
Furthermore, assuming that a probability can be assigned to all possible
outcomes in a sample space S, it is possible to assign a probability dis-
tribution to any random variable. Random variables can be divided into
two classes, discrete and continuous. The relationship establishing in
one way or another the connection between the possible values of a ran-
dom variable and their probabilities is called the law of distribution of
a random variable.

2. Discrete random variable

A random variable X that takes only discrete values xi,xo, ..., x,, with
probabilities pi,pa,...,pn, and X7 ;p; = 1 is called a discrete random
variable. The number of values n for which X has a non-zero probability
is finite or at most countably infinite. If X is a discrete random variable,
we can define a probability function f(z) that assigns probabilities to
all the distinct values that X can take, such that

p; if x = x;,

0 otherwise. (1.13)

flo) = Pr(x =) = {
By formula (1.13) is given the law of distribution of a discrete random
variable. A typical probability function thus consists of spikes, at valid
values of X, whose height at x corresponds to the probability that X = x.
Since the probabilities must sum to unity, we require

f:lf(:pi) .y (1.14)

We may also define the cumulative probability function (or probabil-
ity distribution function) of X, F'(x), whose value gives the probability
that X < x, so that

F(z):=Pr(X <z)= > f(x;). (1.15)

r; <x

Sometimes is the definition modified as follows:

F(z):=Pr(X <z)= > f(x;). (1.16)

T;<x
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Hence F(z) is a step function that has upward jumps of p; at z = z;,
t=1,2,...,n, and is constant between possible values of X. We may also
calculate the probability that X lies between two limits a and b (a < b);
this is given by

Prla< X <b)= > f(x;)=F()— F(a), (1.17)

a<x;<b

i.e. it is the sum of all the probabilities for which x; lies within the relevant
interval.

Example 23. A bag contains seven red balls and three white balls. Three
balls are drawn at random and not replaced. Find the probability function
for the number of red balls drawn.

Solution. Let X be the number if red balls drawn. Then

PrX = 0)= f(0) = 10 x o % =00
Pr(le)—f(l)—l?;)xgx;xZ%—;O,
PrX=2)= f(2) = & x | x xB=",
Pr(X =3)= f(3) = - X g X o= o

It should be noted that 32, f(i) = 1, as expected.

3. Continuous random variable

A random variable X is said to have a continuous distribution if X is de-
fined for a continuous range of values between given limits. It is convenient
to represent the law of distribution of a continuous random variable with
the aid of so-called probability density function f(z). The probability
Pr(a < X <b) of the fact that the value assumed by the random variable
X will fall in the interval (a, b] is defined by the equality

Pr(a < X <) = /abf(x)dx

The graph of the function f(z) is called a distribution curve. In terms
of geometry, the probability that the random variable will fall in the in-
terval (a, b is equal to the area of the corresponding curvilinear trapezoid
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bounded by the distribution curve, the Ox axis and the straight lines z = a,
x = b. The probability density function f(x) possesses the following prop-
erties:

L f(z) 20

2. /_OO f(z)dzx = 1.
(If all the values of the random variable X belong to the interval (a, b), the

b
last property can be written as / f(z)dx = 1.)
a
Let us now consider the function

= [ fla)dz
It follows from the last equality that
f(z) = F'(x).
The function f(x) is sometimes called a probability distribution dif-
ferential function, and the function F'(x), a probability distribution

integral function.
Note the most significant properties of a probability distribution function:

1. F(x) is a non-decreasing function.
2. F(—o00) =0.
3. F(4+00) =1.

Example 24. Given the distribution series for the random variable X:

x; || 10 {20 | 30 | 40 | 50
pi 10,210,3(0,35|0,1]0,005

Construct the probability distribution function F(z) := Pr(X < z) for
that variable.

Solution.
if 2 <10, then F(z)=Pr(X <z)=
if 10 <x <20, then F(z)=Pr(X <x)= 0 2;
if 20 <x <30, then F(z)=Pr(X <x)=0,2+0,3=0,5;
if 30 <2 <40, then F(z)=Pr(X <z)=0,5+0,35=0,85:
if 40 <z <50, then F(z)=Pr(X <z)=0,85+0,1=0,95;
if > 50, then F(x)=Pr(X <x)=0,954+0,05=1.
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Example 25. The random variable X is defined by the distribution func-
tion (integral function):

0 if r < 1;
Flz)=1¢ (x—1)/2 if 1<x<3;
1 if x> 3.

Calculate the probabilities of the random variable X falling in the intervals
(1,5;2,5) and (2,5;3,5).

Solution. We have

P =F(25)—F(1,5) =(2,5-1)/2—(1,5-1)/2=0,75—10,25 = 0, 5,
Py=F(3,5)— F(2,5)=1—(2,5—1)/2=1-10,75 = 0, 25.

4. The Mean Value, the Variance and Standard Deviation of
the Random variable

The Mean Value

The mean value (or simply mean, or mathematical expectation) is
the property most commonly used to characterize a probability distribu-
tion. Several abbreviations of mean value are used, e.g.: E(X) or M (X).

For the discrete random variable mean value is defined as the sum
of the products of the values of the random variable by the probabilities
of these values. If the random variable X is characterized by the finite
distribution series

Ti|X1|X2|X3|... |Tp
Pi |P1|P2|P3|--- |DPn

then the mean value F(X) can be determined from the formula

E(X) = z1p1 + Zap2 + -+ + Tupy, (1.18)
ie.,
E(X) = Y ap.
Since p1 +pa+ -+ p, =1, 1t follows_that

_ T1p1 + xop2 + -+ TPy
p1L+p2+ -+ Dy '

E(X)
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Thus, F(X) is the weighted arithmetic mean of the values 1, xs, ..., x, of
the random variable for the weights pq,po,...,p,. If n = 00, then

E(X) = Z oy
i=1

provided the sum of the series is finite.

The concept of the mean can be extended to a continuous random vari-
able. Suppose f(z) is the probability density function of the random vari-
able X. Then the mean value of the continuous random variable X is
specified by the equality

provided the value of the integral is finite.

The Variance

The variance (or the dispersion)of a random variable is the mean value
of the square of the deviation of the random variable from its mean value:

D(X) = E[(X — E(X))*].

Here is used the notation D(X). Nevertheless, we can meet, e.g., the
following ones: V(R) or var(R), too. If we introduce the notation E(X) =
m, then the formulas for variance of the discrete random variable X will
be written in the form

glpi(x —m)? (for n = c0),

and for the continuous random variable X, in the form

D(X) = [

—0o0

+00

(x —m)?f(z)dz.

From the definitons we may easily derive the following useful properties of
D(X):
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D(X) = E[(X — )] — [E(X) — o]’ (1.19)

D(X) = E[(X —a)] — [m — a]*

is valid for the variance of a random variable, where a is an arbitrary
number. This formula is often used to calculate the variance of a
random variable since the calculations performed by this formula are
simpler then by previous formulas.

D(a)=0

where where a is an arbitrary number.

D(aX +b) = a*D(X)
where where a, b are arbitrary constants.

The Standard Deviation

The variance of a distribution is always positive; its positive square root is
known as the standard deviation of the distribution and is often denoted

o=yD(X).

Roughly speaking, o measures the spread (about x = m) of the values that
X can assume.

by o, i.e.

Example 26. Given the function:

0 if x<0;
flx) =4 (1/2)sinzx if 0<z <m,
0 it x>

Show that f(z) can serve as the probability density function of some ran-
dom variable X. Find the mathematical expectation, the variance and the
standard deviation of the random variable X.
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Solution. We have
1

/_O:O f(x)dz = /wa(x)dx = ;/Oﬂsina:dx =3 cosz|p = 1.
In addition, f(z) > 0. Consequently, f(x) can serve as the probability
density function of some random variable. Since the straight line x = 7/2
is the symmetry axis of the corresponding arc of the curve y = (1/2)sinz,
the expectation of the random variable X is 7/2; i.e. E(X) = 7/2. Let
us find the variance. We put @ = 0, F(X) = 7/2 in formula (1.19) and
calculate the integral determining F(X?). We have

1 /=
E(X?) :/_OOfo(x)dx: 2/0 2% sin xdr =

e.¢]

5 |~ cosa:+2xs1n:1:+2cosx”0 :§(7r —4).
Therefore ) )
1 s s
D(X) = (x> — 4 _<> _T
() =y -0 (5) =" -2
and

2
=4 — —2=0,69.
o 4 ;

Example 27. The random variable X is characterized by the distribution
series:

x| 0] 1 ] 2 3 4
pi 10,2]0,410,3]0,08]0,02
Determine the mathematical expectation, the variance and the standard
deviation of the random variable X.

Solution. We find the mean by the formula (1.18):
B(X)=0-0,24+1-0,4+2-0,3+3-0,08+4-0,02 = 1,32.

We find the variance by formula (1.19) putting a = 2; hence E(X) —a =
1,32 — 2 = —0,68. We compile a table:

z; ol 1[]2] 3 4
T, — a —21—-11] 0 1 2
(w;i—a)* || 4 | 1] 0 1 4

i 0,2]0,4]0,3[0,08] 0,02
pi(zi —a)?]0,80,4] 0 |0,08]0,008
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Now we find

E[(X —a)}] = é}pi(xi —a)*=1,36;

D(X

o

1,36 — (—0,68)* = 1,36 — 0,4634 = 0, 8966;
0,8966 = 0, 95.

5. The Mode and the Median

The mode of the discrete random variable X is its most frequent
value. The mode of the continuous random variable X is the point
at which the probability density function has its greatest value. The mode
is designated as M. The median of the continuous random variable X is
its value p for which is equally probable that the random variable turns
out to be less or greater that pu, i.e.

Pr(X < p)=Pr(X >u)=0,5.

Example 28. Given the probability density function of the random vari-
able f(x) = ae* *" with a > 0. Find the mode of this random variable.

Solution. To find the maximum of the function y = f(x), we find the
derivatives of the first and the second orders:

2 2

fl(x) = 2a(1 — x)e* ", f'(z) = —2qe® " 4 4a(l — 2%)e* .
From the equation f'(z) = 0 we get © = 1. Since f”(1) = —2ae < 0, it
follows that for x = 1 the function f(z) possesses a maximum, i.e., for
mode we have: M = 1. Note that the maximum of f(x) does not depend
on the numerical value of a.

Example 29. Given the probability density function of the random vari-
able X:

0 if x<0;
fle)=4 o—23/4 if 0<2<2;
0 it x> 2.

Find the median of this random variable.
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Solution. We find the median p from the condition Pr(X < u) =0,5. In
the given case

3 2 4
I x M H
Pr(X<,u):/O (:U—4)da::2—16.

Thus we arrive the equation

=
S

=0,5, or pt—8u2+8=0,

"
2 1

(o)

whence

= +V4+ V8.

From the four roots of the equation we should choose the root contained

between 0 and 2. Hence, u = /4 — /8 ~ 1,09.

1.13 Some Special Distributions

1. Discrete Uniform Distribution

If the random variable X assumes the values i, x9,...,z;, with equal
probabilities, then the discrete uniform distribution if given by
1 . :
f(x) =7 if e=ux;,1=1,2,... k.

Example 30. When a light bulb is selected at random from a box that
contains a 40-watt bulb, a 60-watt bulb, a 75-watt bulb, and a 100-watt
bulb, each element of the sample space S = {40,60, 75,100} occurs with
probability 1/4. Therefore we have a uniform discrete distribution, with

1
fla)= . if = 40,60,75,100.

Theorem 5. The mean and variance of the discrete uniform distribution

f(zx) are

(2 — E(X))*.

1k 1k

7
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Proof. By definition

2. Continuous Uniform Distribution

The distribution of random variables whose all values lie in an interval [a, b]
and possess a constant probability density & > 0 on that interval is known
as uniform distribution. Thus

0 if z<a;
flx)=3< h if a<az<b;
0 if x>0

Since h(b—a) = 1, we have h = 1/(b — a) and, consequently,

0 if x<a;
flx)=1 1/(b—a) if a<z<b;
0 if x>0

Example 31. Determine the mean of a random variable with uniform
distribution.

Solution. We have

b b 1 22|’ 1 v—a*> b+a
E(X):/&.Sﬁf(ﬂj‘)dx:/ab_adx:b_a2 :b_a, 2 — 2 7
1.e.

b+a
E(X) = 5

Example 32. Calculate the variance and the standard deviation for a ran-
dom variable with uniform distribution.
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Solution. We use the formula

D(X) = B(X®) — [B(X)P,
taking into account the value

_b+a

Bx) =2

found in the preceding problem. Thus, it remains to calculate E(X?). We
have

b2 3 b b — a® b? + 2ab + a?
E(X?) = dr = — —
(X% /ab—ax 3b—a)|,  3(0b—a) 3

It follows that
VP H2ab+a® (et (b—a)

3 4 12

D(X)

Consequently,
(b—a)

o, = D(X) = Ve

3. Binomial Distribution. Poisson’s Distribution

Bernoulli’s Formula

If n independent trials are performed in each of which the probability of
occurrence of the event A is the same and is equal to p, then the proba-
bility of the event A occurring m times in these n trials is expressed by
Bernoulli’s formula

m

where ¢ =1 — p.

Example 33. There are 20 white and 10 black balls in the urn. Four balls
are drawn successively with replacement, the urn being shaken before every
new drawing. What is the probability of two of the four drawn balls being
white?
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Solution. The probability of a white ball being drawn,

20 2

p:%:§,

may be assumed to be the same in the four trials and ¢ = 1 —p = 1/3.
Using Bernoulli’s formula we get

4 4-3 /2)\? [1\? 8
- (-6 -2
24 (2)pq 1-2°\3) "\3) "7

Binomial Distribution

The distribution of the random variable X which can assume n + 1 values
(0,1,...,n) described by Bernoulli’s formula (1.20) is known as a binomial
distribution. The mean and the variance of binomial distribution is

E(X) =np, D(X) = npq.

Example 34. The probability of the marksman hitting the target is 2/3.
The marksman fired 15 shots. The random variable X is the number of
hits. Find the mean value and the variance of the random variable X.

Solution. We must use here the mean values and the variances of the
binomial distribution:

E(X)=np=15-(2/3) =10, D(X)=npq=15-(2/3)-(1/3) = 10/3.

Poisson’s Distribution

The distribution of the random variable X which can assume any integral

nonnegative values (0,1,...,n,...) described by the formula
a" _,
Pr(X =n) = e (1.21)

is known as Poisson’s distribution.

The following random variables have a Poisson’s distribution:

a) Suppose n points are randomly distributed over the interval (0, N') of
the Ox axis and the events consisting in the falling of one point in any
preassigned segment of constant (say, unit) length are equally probable. If
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N — 00, n — oo and a = limy_., n/N, then the random variable X equal
to the number of points falling in the preassigned segment of unit length
(which can assume the values 0,1,...,m,...) has Poisson’s distribution.
b) If n is an average number of calls received by a given telephone exchange
during one hour, then the number of calls received during one minute is
approximatively distributed by Poisson’s law, with ¢ = n/60. The mean
and the variance of Poisson’s distribution is

E(X)=a, D(X)=a.

Example 35. A person receives on average one e-mail per half-hour in-
terval. Assuming that the e-mails are received randomly in time, find the
probabilities that in any particular hour 0, 1, 2, 3, 4, 5 messages are received.

Solution. Let X = number of e-mails received per hour. Clearly the
mean number of e-mails per hour is two, and so X follows a Poisson dis-
tribution with A = 2, i.e.

Pr(X =z) = i!e_2
Thus

Pr(X =0) =e? —O 135,
Pr(X =1)=2e"%=0,271,
Pr(X =2) = 2% 2/2'—0 271,
Pr(X = 3) = 2%72/3! = 0, 180,
Pr(X =4) =2%"2/4! = 0,090,
Pr(X =5) = 2%"2/5! = 0, 036.

Example 36. Show that the binomial distribution approaches Poisson’s
distribution in the limit if n — oo, p — 0, but np = a.

Solution. Let us rewrite the binomial probabilities (1.20) in the form
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Due to conditions indicated

. 1 2 m—1 a
po " (1‘n>(1‘n>'”<l‘ 0 ),(1_p>p—m,

’ m!

Since it is easy to see that

. o a/p: —a
lim(1 — p) e

we conclude

am

lim P,,=— X
p—0,n—00 7 m!

lim (1_1> (1_2)...(1_m_1>(1_p)a/p(1_p)—m:

p—0,n—00 n n n

ame—a

m!

So,

if np=a and n — oo, p — .

4. Normal Distribution (Gaussian normal distribution) and Laplace
Function

Normal Distribution

We say that the continuous random variable X has normal distribu-
tion (or Gaussian normal distribution) if it is characterized by the density

(Gaussian curve)
1 1 (2 — p\?
f(x)_a 27Texp [_2'< o ) ]7

where p and o are constants. The probability density function f(z) satisfies
two conditions of a density function:

f@) >0, [ f@)de=1.




PROBABILITY (Preliminary version) Josef Diblik, February 16, 2005 41

For normal distribution with these parameters we use notation No (u, o?).
The mean and the variance of normal distribution is

E(X)=p, D(X) =0
The probability distribution integral function has the form

Fx) = - 1% [ exp [—; (t_a“ﬂ dt.

The random variable

X —p

o
is called the standard normal variable. For it the probability density
function takes the form

Z:

o(2) = — -
z) = exp | ——
\ 27 P 2
which is called the standard normal distribution with
E(Z)=0, D(Z)=1.

In this case we use notation No (0, 1).

Laplace Function

The function

D(z) = \/127/_00 exp (—t;) dt

is called the Laplace function (or error function). The following relation

holds:
F(g:):cb(x;“).

The probability that the normally distributed random variable X will fall
in the interval (a, b) is determined from the values of the Laplace function
by the formula

Pr(a<X<b):<I><b;'u>—<I><a;'u>.

Between basic properties of Laplace function belong the following:

D(0) =5, B(—t)=1-()
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Example 37. Sawmill A produces boards whose length are Gaussian dis-
tributed with mean 209, 4 c¢m and standard deviation 5,0 cm. A board is
accepted if it is longer than 200 cm but it is rejected otherwise. Show that
3% of boards are rejected.

Solution. If X is length of boards from A, so that X has distribution
No (209, 4; (5,0)?). Then

— ®(—1,88).

200 — 200 — 209, 4
Pr(X<200):<I><OO ”):@(00 09’)

o 5,0
Since ¢(—t) = 1 — ®(t) we have

Pr(X < 200) =1 — ®(1,88) = by the table =1 —0,9699 = 0, 0301,
i.e. 3,0% of boards are rejected.

Example 38. Sawmill B produces boards of the same standard deviation
but of mean length 210,1 cm. Find the proportion of boards rejected if
they are drawn at random from the outputs of A and B in the ratio 3 : 1.

Solution. Now let Y is length of boards from B, so that Y has distribution
No (210, 1; (5,0)?). Then

200 — 200 — 210, 1
Pr(Y<200):<I><OO “):@(00 0

- ) — B(—2,02).

o
Since ®(—t) =1 — ®(t) we have
Pr(Y < 200) = 1 — ®(2,02) = by the table = 1 — 0,9783 = 0, 0217.

Therefore, when taken alone, only 2,2% of boards from B are rejected. If,
however, boards are drawn at random from A and B in the ratio 3 : 1 then
the proportion rejected is

1
1 (30,030 +1x0,022) = 0,028 = 2, 8%.

1.14 Chebyshev’s Theorem

If a random variable has a small variance or standard deviation, we would
expect most the values to be grouped around the mean. Therefore, the
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probability that random variable assumes a value within a certain interval
about the mean greater than for a similar random variable with a larger
standard deviation, we think of probability in terms of area, we would
expect a continuous contribution with a small standard deviation to have
most of its area close to u. However, a large value of ¢ indicates a greater
variability, therefore we should expect the area to be more spread out.
The following theorem (named after the Russian mathematician P.L. Cheby-
shev, 1821-1894) gives an estimate of the probability that a random vari-
able (continuous or discrete) assumes a value within k standard deviations
of its mean for any real number .

Theorem 6 (Chebyshev) The probability that any random variable X
will assume a value within k standard deviations of the mean is at least
1 —1/k*. That is,

1

Pr(p — ko < X < u+ ko) >1_ﬁ

Proof. Let us prove this theorem for the case of continuous random
variable. By definition of the variance of X we can write

o? = B[(X = = [ (= p)*f(2)dz =
/u ko z)dz +/ (@ — p)2f(z)dz + /:jka(x W2 f(x)d >
/Mooka(x — )’ f(z)de + /;’kg(:c — p)? f(z)dz,

since the middle of the three integrals is nonnegative. Now since |x — u| >
ko in both remaining integrals, we have

2 pko 5 9 192 9
o 2/_00 k<o f(x)der/Hkak o f(x)dx

or
/_uooko f(x)dz + ::ko_ flz)dr < k;12
Hence
p+ko 1
Pr(p— ko < X < u+ ko) :/M_ko_ f(x)del—ﬁ.

O For £ = 2 the theorem states that the random variable X has probability
of at least 1 — 1/2% = 3/4 of falling within two standard deviations of the
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mean. That is, three-fourths or more of the observations of any distribution
lie in the interval p + 20. Similarly, for £ = 3 the theorem says that the
random variable X has probability of at least 1 — 1/3? = 8/9 of falling
within two standard deviations of the mean. That is, eight-ninths of the
observations of any distribution lie in the interval u + 30.

Example 39. A random variable X has a mean u = 8, a variance o2 = 9,
and an unknown probability distribution. Find Pr(—4 < X < 20), and
Pr(|X — 8| > 6).

Solution. In accordance with Chebyshev’s theorem we get

15
Pr(—4<X<20):Pr(8—4-3<X<8+4-3)21—6

in the first case and
Pr(|]X =8/ >6)=1—-Pr(|]X -8/ <6)=1—-Pr(-6< X —-8<6)=
1-Pr(8—2-3<X<8+2-3)>

o |

in the second one.

Remark 1. Chebyshev’s theorem holds for any distribution of observa-
tions and, for this reason, the results are usually weak. The values given
by the theorem is a lower bound only. That is, we know, e.g. that the
probability of a random variable falling within two standard deviations of
the mean can be no less than 3/4, but we never know how much more
it might actually be. Only when the probability distribution is known we
can determine exact probabilities.

1.15 Normal Approximation to the Binomial

Theorem 7. If X is a binomial random variable with mean y = np and
variance o = npq, then the limiting form of the distribution of

g_X—mw

v pq

as n — 00, is the standard normal distribution No(0,1).
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1.16 The Central Limit Theorem

Theorem 8. Suppose that X1, Xo,..., X, are independent random vari-
ables, each of which is described by a probability density function f;(z)

with a mean p; and a variance or. The random variable

n )
im1 Xi

Y

Z:

n

i.e. the “mean” of the X;, has the following properties:

1) its expectation value

i Mi
E(Z) =
(2)= ZEL
2) its variance
>ie 02'2
V(Z) = n2

3) asn — oo, the probability of Z tends to a Gaussian with corresponding
mean and variance

Proof. First two properties are easily proved.

E(X1)+ E(Xo) 4+ E(X,) _ patpa+- -+ _ Sioy
n n n

E(Z) =

Let us note that this result does not require that X; are independent ran-
dom variables. If y; = p for all ¢ then this becomes

L

If X; are independent random variables, then

X+ Xo+-+ X,
V(Z)=V 1+ 2; + _

V(X)) +V(Xo)+--+V(X,) ¥r,07

]

n? n?
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1.17 Transformed Random Variables

Frequently we need to derive the probability distribution of a function
of random variable. For example, suppose that X is a discrete random
variable with probability distribution f(z) and suppose further that Y =
u(X) defines a one-to-one transformation between the values X and Y.
We wish to find the probability distribution of Y. It is important to note
that the one-to-one transformation implies that each value x is related to
one, and only one, value y = u(z) and that each value y is related to one,
and only one, value x = w(y), where w(y) is obtained by solving y = u(x)
for x in terms of y. The random variable Y assumes the value y when X
assumes the value w(y). Consequently, the probability distribution of Y is
given by
9(y) =Pr(Y =y) = Pr[X = w(y)] = flw(y)].

Theorem 9. Suppose that X is a discrete random variable with proba-
bility distribution f(x). Let Y = u(X) define one-to-one transformation
between the values of X andY so that the equation y = u(x) can be uniquely
solved for x in terms of y, say x = w(y). Then the probability distribution
of Y 1s

9(y) = flw(y)].

Example 40. Let X be a geometric random variable with probability dis-

tribution X
3 [1\*
fo=1-(a)

where x = 1,2,3,.... Find the probability distribution of the random
variable Y = X?2.

Solution. Since the value of X are all positive, the transformation defines

a one-to-one correspondence between the x and y values, y = 22 and

r = ,/y. Hence

1\ v¥1
() 3 y:172737"'7

0 elsewhere.
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To find the probability distribution of the random variable Y = u(X) when
X is a continuous random variable and the transformation is one-to-one,
we shall need the following

Theorem 10. Suppose that X s a continuous random variable with
probability distribution f(x). Let Y = u(X) define one-to-one correspon-
dence between the values of X and Y so that the equation y = u(x) can
be uniquely solved for x in terms of y, say x = w(y). Then the probability
distribution of Y is

9(y) = flw(y)] - /],

where J = w'(y) and is called the Jacobian of the transformation.

Proof. Suppose that y = u(z) is an increasing function. Then whenever
Y falls between a and b, the random variable X must fall between w(a)

and w(b). Hence
Pr(a <Y <b) = Priw(a) < X < w()] = [ “(’(’;) f(x)da.

Changing the variable of integration from x to y by the relation z = w(y),
we obtain dr = w'(y)dy, and hence

Pr(a <Y <b) = [ fl(w(y)lw (y)dy.

Since the integral gives the desired probability for every a < b within the
permissible set of y, then the probability distribution of Y is

9(y) = flw)w'(y) = flwly)] - J = flw(y)] - |]].

Suppose that y = u(z) is a decreasing function. Then

w(a)

Pr(a <Y <b) =Prlw(b) < X <w(a)] = /w(b) f(x)dz.

After changing the variable of integration from x to y by the relation
x = w(y), we obtain dr = w'(y)dy, and hence

Pr(a <V <b) = [* fltw(y)lw/(w)dy = — [ fl(w(y)w(s)dy,

and, consequently,

9y) = —flw)w'(y) = = flwy)] - J = flw(y)] - [J].
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Example 41. Let X be a continuous random variable with probability

distribution
L 1<x<bh,

flx) = { 1

0, elsewhere.

Find the probability distribution of the random variable Y = 2X — 3.

Solution. The inverse solution of y = 2x — 3 yields z = (y + 3)/2, from
which we obtain 1 .
x
L — ! = — = —,
w'(y) i 2
Therefore, by previous theorem, we find the density function of Y to be

(y+3>/2.<1>_y+3
g(y) = 12 2) 48
0 elsewhere.

, —l<y <7,

1.18 Statistics

Statistics is concerned with the analysis of experimental data. We may
regard the product of any experiment as a set on n measurements of some
quantity. This set constitutes the data. FEach measurement (or data
item) consists accordingly of a single number or a set of numbers. We
will assume that each data item is a single number. As a result of in-
accuracies in the measurement process, or because of intrinsic variability
in the quantity being measured, one would expect the n measured values
xr1,T9,...,T, to be different each time the experiment is performed. In
other words, an experiment consisting of n measurements is considered as
a random sample of size n from a population f(x), where x denotes a
point in the n-dimensional data space having coordinates (x1, xo, ..., x,).
In selecting a random sample of size n from a population f(z), let us define
the random variable X;, ¢+ = 1,2,...,n, to represent the ith measurement
or sample value that we observe. The random variables X1, Xo,..., X,
will then constitute a random sample from the population f(z) with nu-
merical values x1, xo, . .., x, if the measurements are obtained by repeating
the experiment n independent times under essentially the same conditions.
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Because of the identical conditions under which the elements are selected,
it is reasonable to assume that the n random variables Xy, X,,..., X, are
independent and that each has the same probability distribution f(z).
That is, the probability distributions of Xi, X, ..., X,, are, respectively
f(x1), f(x2),..., f(x,) and their join probability distribution is

flxy,za, .. ) = flar) f(xa) ... fa,).

Definition 13. Let X, X5,..., X, be n independent random variables
each having the same probability distribution f(x). We then define

Xi, Xo, ..., Xy,

to be a random sample of size n from the population f(z) and write its
join probability distribution as

flxy, @, ... xy) = f(x1) f(x2) ... flz,).

1. Sample Statistics

Any function of the random variables constituting a random sample is
called a statistic, or sample statistic.

Sample Mean

Definition 14. If X, X,,..., X, represent a random sample of size n,
then the sample mean is defined by the statistic
n
> Xi
5 - il
n

Note that the statistic X assumes the value
n
>
i—1

n

€T =

when X; assumes the value x;, Xy assumes the value x5, and so forth.
In practice the value of a statistic is usually given the same name as the
statistic. For instance, the term sample mean is applied to both the
statistic X and its computed value Z.
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Sample Median

Definition 15. If X, X,, ..., X,, represent a random sample of size n,
arranged in increasing order of magnitude, then the sample median is
defined by the statistic

. X(nt1)/2; ifn s odd,
X = Xn/z + X(n/2)+1 if n is even
2 ’ |

Example 42. The number of foreign ships arriving at an east coast port
on 7 randomly selected days were 8,3,9,5,6,8 and 5. Find the sample
median.

Solution. Arranging the observations in increasing order of magnitude,
we get

3,5 5 6,8, 8,9

and hence z = 6.

Sample Mode

Definition 16. If X7, X5, ..., X, not necessarily all different, represent a
random sample of size n, the the mode M is that value of the sample that
occurs most often or with the greatest frequency. The mode may not exist,
and when it does it is not necessarily unique.

The mode does not always exist. This is true when e.g. all observations
occur with the same frequency.

Example 43. The number of movies attended last month by a random
sample of 12 students were recorded as follows: 2,0,3,1,2,4,2,5,4,0,1,4.
In this case, there are two modes, 2 and 4, since both 2 and 4 occur with
the greatest frequency. (The distribution is said to be bimodal.)
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Sample Variance

Definition 17. If X, X,, ..., X,, represent a random sample of size n,
then the sample variance is defined by the statistic

The computed value of S? for a given sample is denoted by s?. In the
denominator is used n — 1 as a divisor. In some books the number n is
used.

Example 44. A comparison of coffee prices at 4 randomly selected grocery
stores showed increases from the previous month of 12, 15, 17, and 20
cents for a 200-gram jar. Find the variance of this random sample of price
increases.

Solution. Calculating the sample mean, we get

12+ 15+ 17+ 20
T = + Z * — 16 cents.

Therefore

I 16)° (12 16)% 4 (15 — 16)> + (17 — 16)2 + (20 — 16)?

Theorem 11. If S? is the variance of a random sample of size n, we may
write

SQRZZX( <§ ) .

Proof. By definition,
S(Xi— X)X (X -2XX; + X7) ZX2—2XZX + nX?
G2 _ i=1 _ i=1 _ i=1
n—1 n—1 n—1
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Replacing X by > ; X;/n and multiplying numerator and denominator by
n, we obtain the more useful computational formula

n n 2

ny. X2'2 - (Z Xi)

S2 _ =1 =1
n(n—1)

Example 45. Find the variance of the data 3,4,5,6,6,7.

Solution. We find that n = 6, Z?:l xr; = 31, Z?:l 2 = 171. Hence

, 6-171-31 13
B 6-5 6

S

Sample Standard Deviation

Definition 18. The sample standard deviation, denoted by S, is the
positive square root of the sample variance.

2. Point Estimator

Suppose a random sample x1, xs, . .., x, of a unknown random variable X is
given. The central aim of statistics is to use the sample values x1, xo, ..., 2,
to infer certain properties of the unknown random variable, such as its
mean or variance. Suppose, we wish to estimate the value of a parameter
a (e.g. mean or variance). Since the sample values x1,z9, ..., z, provide
our only source of information, any estimate of a must be some function
of the x1, 9, ..., x,, i.e. some sample statistic (we denote it a(z)). Such a
statistic is called an estimator or decision function. Hence the decision
function S?, which is a function of the random sample, is an estimator of
o2 and the estimate s? is the “action” taken. If a number of random sam-
ples, each of the same size n, are taken from the one-dimensional random
variable X then the value of the estimator a(z) will vary from one sample
to the next and in general will not be equal to the true value a. This
variation in the estimator is described by its sampling distribution. For
any particular quantity ¢ we may define any number of different estima-
tors, each of it will have its own sampling distribution. The quality of a
given estimator a may be assessed by investigating certain properties of its
sampling distribution. In particular, an estimator a(x) is usually judged
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on the three criteria of consistency, bias and efﬁc1ency A point esti-
mate of some population parameter € is a single value 0 of a statistic ©.
For example, the value = of the statistics X, computed from a sample of
size n, is a point estimate of the population parameter pu.

An estimator is not expected to estimate the population parameter with-
out error. We do not expect X to estimate u exactly, but we certainly hope
that it is not too far off. For a particular sample it is possible to obtain a
closer estimate of p by using the sample median X as an estimator. Con-
sider, for instance, a sample consisting of the values 2, 5, and 11 from a
population whose mean is 4 but supposedly unknown. We would estimate
it to be z = 6, using the sample mean as our estimate, or Z, using the
sample median as our estimate. In this case the estimator X produces an
estimate closer to the true parameter than that of the estimator X. On
the other hand, if our random sample contains the values 2, 6, and 7, then
T =5 and Z = 6, so that X is now the better estimator. Not knowing the
true value of u, we must decide in advance to use X or X as our estimator.

Consistency

An estimator a is consistent if its value tends to the true value a in the
large-sample limit, i.e.

lim a = a.
n—oo

Consistency is usually a minimum requirement for a useful estimator.
Bias
The bias of an estimator is defined as

b(a) = Ela] — a.

If b(a) =0, i.e. if a = E[a] then a is called an unbiased estimator of the
parameter a.

Example 46. An estimator a is biased in such a way that
Ela] = a+ b(a),

where the bias b(a) is given by (by — 1)a + by and b; and by are known
constants. Construct an unbiased estimator of a.
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Solution. Let us first write E[a] in the clearer form
Ela) =a+ (by — 1)a + by = bya + bo.

The task of constructing an unbiased estimator in now trivial, an appro-
priate choice is

a'= (a—by)/by,

which (as required) has the expectation value

Ela| —b
Eld] = [a]bl 2 _a.

Example 47. Show that S? is an unbiased estimator of the parameter o2

Solution. Let us write

n n

;(Xz' - X)? = ;[(Xi —p) = (X —p))P =

é(&—@? 2K =) 3 (Xi— ) (X =) = Y (Xy=p) —n(X — )2

Now
n Xz _X 2
E(S2) :E[ z—l( ) ] _
n—1
- 1
S|SB s = L (S - nk).
Since 0%, = o® for i =1,2,...,n and 0% = 0°/n, we get
1 2

E(S?%) = m— (n02 — ni) = o’

Efficiency

If ©; and O, are two unbiased estimators of the same population parameter
0, we would choose the estimator whose samphng distribution has the
smaller variance. Hence if 0§ < 03, we say that O, is a more efficient
estimator of 6 than ©,. If we consider all possible unbiased estimators of
some parameter 6, the one with the smallest variance is called the most
efficient estimator of 6.
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The variance of an estimator describes the spread of values a about E|a].
An estimator with a smaller variance is said to be more efficient than one
with a larger variance. For any given quantity a there exists a theoretical
lower limit V,,;, of the variance of any estimator a. The efficiency e of
an estimator is defined as

e = Vum/V]al.

An estimator for which e = 1 is called a minimum-variance of efficient
estimator. Otherwise, if e < 1, a is called an inefficient estimator.

Note that some qualities of estimators are related. For example, suppose
that a is an unbiased estimator, so that E[a] = a and V[a] — 0 as n — oo.
It can be proved that a is also a consistent estimator.

Point estimator

Theorem 12. The point estimation of u is the value p = T; the point

estimation of o is the value o® = s°.

3. Interval Estimation

An interval estimate of a populatlon parameter 6 is an interval of the form
0, < 0 < HU where 0; and HU depend on the value of the statistic O for a
particular sample and also on the sampling distribution on o.

Since different samples will generally yield different values of © and,
therefore, different values of 0, and éU, these end points ot the interval are
values of corresponding random variables ©; and Op. From the sampling
distribution of © we shall be able to determine 9L and HU such that the

Pr(@L <6< éU)

is equal to any positive fractional value we care to specify. If, for instance,
we find 0, and 0y such that

Pl‘(éL<9<éU):1—Oz,

for 0 < a < 1, then we have a probability of 1 — « of selecting a random
sample that will produce an interval containing 6. The interval

éL<9<éU,
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computed from the selected sample, is then called a (1 — «)100% confi-
dence interval, the fraction 1 — « is called the confidence coefficient
or the degree of confidence, and the end points, 6, and éU, are called
the lower and upper confidence limits. Thus, when a = 0,05, we have
a 95% confidence interval, and when o = 0,01, we obtain a wider 99%
confidence interval.

Of course, it is better to be 95% confident that the average life of a
certain car is between 6 and 7 years that to be 99% confident that it is
between 3 and 10 years. Ideally we prefer a short interval with a high
degree of confidence.

Estimating the Mean

The sampling distribution of X is centered at p and in most applications
the variance is smaller than that of any other estimators of p. Thus the
sample mean x will be used as a point estimate for the population mean
p. Recall that 0% = o%/n, so that a large sample will yield a value of X
that comes from a sampling distribution with a small variance. Hence Z is
likely to be a very accurate estimate of ;1 when n is large.

Let us now consider the interval estimate of p. If our sample is selected
from a normal population or, failing this, if n is sufficiently large, we can
establish a confidence interval for yu by considering the sampling distribu-
tion of X. According to the Central Limit Theorem, we can expect the
sampling distribution of X to be approximately normally distributed with
mean px = f and standard deviation og = o/y/n. Writing z,/, for the
z-value above which we find an area of a/2, we can see that

Pr(—z,/0 < Z < zap2) = 1 —

where _
_X—p

Z_a/\/ﬁ'

Hence

X —p
Pr | — < —F=< =1-a.
I’( Za/2 0/\/5 Za/g) (07

Multiplying each term in the inequality by o/y/n, and then subtracting X
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from each term and multiplying by —1 we obtain

- o _ o

Pr (X—Za/g\/ﬁ <,U<X+Za/2\/ﬁ) =1-a.
A random sample of size n is selected from a population whose variance o
is known and the mean Z is computed to give the following (1 — «)100%

2

confidence interval.

Confidence Interval of ;; 0 Known

If x is the mean of a random sample of size n from a population with known
variance 02, a (1 — «)100% confidence interval for y is given by

:I_Z—Za/g\;ﬁ <u<a‘3+za/2\(/%,
where z,/5 is the z-value leaving an area of /2 to the right.
For small samples selected from nonnormal populations, we cannot expect
our degree of confidence to be accurate. However, for samples of size
n > 30, regardless of the shape of most populations, sampling theory
guarantees good results.

Example 48. The mean of the quality point averages of a random sam-
ple of 36 college seniors is calculated to be 2,6. Find the 95% and 99%
confidence intervals for the mean of the entire senior class. Assume that
the population standard deviation is 0, 3.

Solution. The point estimate of y is ¥ = 2,6. The z-value, leaving an
area of 0,025 to the right and therefore an area of 0,975 to the left, is
(using table) zp 25 = 1,96. Hence the 95% confidence interval is

2,6—(1,96)-(3’%) <u<2,6+(1,96)-<3’%> |

which reduces to
2,50 < pu < 2,70.

To find a 99% confidence interval, we find the z-value leaving an area of
0,005 to the right and 0,995 to the left. Therefore (using table again),
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20,005 = 2.575, and the 99% confidence interval is

0,3 0,3
2,6—(2,575)-(@) <u<2,6+(2,575)-<\/’%> |
or, simply
2,47 < pu < 2,73.

We now see that a longer interval is required to estimate p with a higher
degree of accuracy.

The (1 — a)100% confidence interval provides an estimate of the accuracy
of our point estimate. If p is actually the center value of the interval,
then ¥ estimates p without error. Most of the time, however, z will not be
exactly equal to p and the point estimator is in error. The size of this error
will be the absolute value of the difference between p and z, and we can
be (1 — a)100% confident that this difference will not exceed z,/20//n.

Theorem 13. If T is used as an estimate of pu, we can then be (1—a)100%
confident that the error will not exceed z, /90 /\/n.

In Example 48 we are 95% confident that the sample mean z = 2,6 differs
from the true mean p by an amount less that 0,1 and 99% confident that
the difference is less than 0, 13.

Frequently we wish to know how large a sample is necessary to ensure
that the error in estimating p will be less than a specified amount e. By
previous theorem this means that we must choose n such that z,/,0/\/n =
e. Solving this equation gives the following formula for n.

Theorem 14. If T is used as an estimate of u, we can be (1 — «)100%
confident that the error will not exceed a specified amount e when the sample

s1ze 1S )
’]’L f—
e

When solving for the sample size, n, all fractional values are rounded up to
the next whole number. By adhering to this principle, we can be sure that
our degree of confidence never falls below (1 — «)100%. Strictly speaking,
the formula in Theorem 13 is applicable only if we known the variance
of the population from which we are to select our sample. Lacking this
information, we could take a preliminary sample of size n > 30 to provide
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an estimate of . Then, using s as an approximation for ¢ in Theorem 13,
we could determine approximately how many observations are needed to
provide the desired degree of accuracy.

Example 49. How large a sample is required in Example 48 if we want
to be 95% confident that our estimate of y is off by less than 0,057

Solution. The population standard deviation is ¢ = 0,3. Then, by
Theorem 13,

~[(1,96) - (0,3)?
”_[ 0,05

Therefore, we can be 95% confident that a random sample of size 139 will
be provide an estimate z differing from g by an amount less that 0, 05.

2
] = 138, 3.
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Chapter 2

Polynomial Approximation to
Functions

2.1 Lagrange’s Interpolation Polynomial

Let there be known the values of some function f at (n+ 1) distinct points
X, T1, ..., T, which will be denoted as follows:

fi=f(z),i=0,1,2,... ,n.

There arises the problem of an approximate reconstruction of the function
f at an arbitrary point x. Frequently, in order to solve this problem, we
construct an algebraic polynomial L,(z) of degree n which attains the
assigned values at the points x;, that is,

Lo(z)=f;, i=0,1,2,...,n (2.1)

which is called the interpolation polynomial. The points x;, 2 = 0,1,...,n,
are called the interpolation points. For the sake of convenience, here and
elsewhere by a polynomial od degree n we shall understand a polynomial
of degree not higher than n. For instance, if f; = 0,7 =0,1,...,n, then
the interpolation polynomial L, (x) = 0 actually has a zero degree, but is
will also be called the polynomial of degree n.

An approximate reconstruction of the function f by the formula

f(x) = Ln() (2.2)

is called the interpolation of the function f (with the aid of algebraic poly-
nomial). If x is situated outside the minimum interval contanining all the

61
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interpolation points x, x1,...,x,, then the replacement of the function f
by (2.2) is also called eztrapolation.

Theorem 15. There exists the unique interpolation polynomial of degree
n satisfying the conditions (2.1).

Proof. Let us establish the existence of the interpolation polynomial
directly by writting out its expressions. Let n = 1, then

Ln(z) = xxo_—a; ot 3:661_—200 i (2:3)
For n =2
e e

(zo — x1)(z0 — 22)
(x — x0)(x — x9) hy (x — x)(x — 21)

(x1 — x0) (21 — 22) ! (29 — 20) (22 — 1) fr (24)
and, finally, in the general case for any natural n
Ly(z) = épnz‘(l') - i, (2.5)
where
pui() = (x—x0)...(r—zi)(x —x41) ... (T — ) =012

(iliz' - :co) o (xZ — %;1)(% - $z‘+1) e (xz o 5’7“) (2.6)

The expression (2.3) represents a linear function (a polynomial of first
degree) and Lq(zg) = fo and Li(x1) = f1. The formula (2.4) specifies
a second-degree polynomial Lo(x) which satisfies the conditions (2.1) for
n = 2. For arbitrary n (2.5) is also an algebraic polynomial of degree n,
and since p,;(x;) = 1 and ppi(z;) = 0 for j # 4, 0 < j < n, the requirements
(2.1) are fulfilled.

It remains to prove the uniqueness of the interpolation polynomial. Sup-
pose that along with the interpolation polynomial (2.5) there is also some
algebraic polynomial En(a:) of degree n satisfying the conditions

Izn($2) :fi,izo,l,...,n.
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Then

Ly(z;) — Ly(x;) =0, i=0,1,2,...,n. (2.7)

If

then this difference, being an algebraic polynomial of degree not higher
than n, by virtue of the fundamental theorem of higher algebra, has at
most n roots, which contradicts the equalities (2.7) whose number is equal
to n + 1. Consequently,

Ln(z) = Ly,(x).

The interpolation polynomial

(2.5) is called Lagrange’s interpolation poly-
nomial, and the polynomials (2.6)

- the Lagrangian coefficients.

Example 50. Construct Lagrange’s interpolation polynomial given by the

data:
t 101112]3
i [0]2]3]D
f132]5
Solution. According to (2.5), for n = 3 we have
(x —2)(x —3)(x — ) z(z — 3)(x —5)
L = 1
(@) =00 =30-5 ‘T2e-ne_s °°
z(r —2)(z —5) z(r —2)(z —3)
.24 5=
33— 2)(3—5) 55— 2)(5 — 3)
62 13 3
_ —1 el Y2 e 3
R I T

2.2 Interpolation Error

We shall obtain some expression for the remainder R, (x) = f(z) — L,(z)
in the supposition that f € C""([a,b], R), where [a, b] is the interval con-
taining all the interpolation points z;, ¢ = 0,1,...,n and the point x. We
seek R,(x) in the form:

R,(z) = w(x)r,(z)
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where
wp() = (x —xp)(x — 1) ... (x — ),

and r,(x) is some function.
The function

g&(t) - Ln(t) + wn(t)rn(t) - f(t) (2'8)

vanishes for ¢t = x;, + = 0,1,...,n and ¢t = x, that is, at least at n + 2
points of the interval [a,b]. By Rolle’s theorem, ¢'(¢) vanishes at least at
the (n 4 1)st point of the interval (a,b), ¢"(t) is equal to zero at least at
n points and so forth. Thus, there is at least one point £ € (a, b) at which
e (¢) = 0. Whence from (2.8), bearing in mind that LI+ (¢) = 0,
wMD(€) = (n + 1)!, we obtain

n

(n+ Dlra(z) = F9(E) = 0.

Consequently
AR
) =
e £ e)
_ TS
Ry (r) = wy(z) - ma
FrE)

f(z) = Ln(z) + wn(z) - (n+ 1)

where £ = £(z) € (a,b) is some unknown point. Moreover, the estimate of
the interpolation error at the running point x € [a, b]:

M,
F@) = La(@)] < o - (@) (2.9)
and
Mn+1
Iﬁé}j{ |f(x) = Ly(x)] < m Iﬁ%f( |wn ()| (2.10)
where

My = max |F ) (@),
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Example 51. Estimate the error of approximating the function f(z) =
vz at the point z = 116 and on the entire interval [a, b], where a = 100
and b = 144, with the aid of Lagrange’s interpolation polynomial Ls(x)
of second degree constructed with the interpolation points xg = 100, x1 =
121, and a9 = 144.

Solution. Let us compute:
1 B 1 3

f,('r)zmv f”(x)—_ll\/?’ f”/(x)_S\/l?

and

3 3-107°
/// o o
M_[lro%aﬁi’ ()’_8 1000 8

on the basis of (2.9), we obtain

3-107° 1
8 3'(

V116 — Ly(116)] < 116 — 100) - (116 — 121) - (116 — 144)| =

1 5 -3
76.1() -16-5-28 =1-41-107".

By virtue of (2.10)

107°
< — (r— ~ 9.5. _3.
max, |V r—Lo(x)| 16 max, |(z—100)-(z—121)-(z—144)| ~ 2-5-10

2.3 Linear Interpolation

The interpolation with the aid of the linear function

r—
Li(z)=—— fo+ —
i) i i i)

T — X9

- h

is known as linear interpolation. Setting h = 1 — zp and ¢ = (z — z¢)/h,
we can write the formula for linear interpolation as

f(x) = Li(r) = Li(xo + qh) = (1 — q) fo + qf1-

The quantity q is called the interpolation phase. The latter changes within
the limits from O to 1 as x runs through the values from zy to x;. Geo-
metrically, linear interpolations means the replacement of the graph of the



66 Josef Diblik, February 16, 2005 NUMERICAL METHODS (Preliminary version)

function on the interval [z(, z1] by the chord joining the points (¢, fy) and
(1, f1). Since
w(z) = (z — wo)(x — 1)
and, consequently,
B2

max |wy(2)] = mex |(z —20)(@ —@1)| = 7,

the estimate of the maximum error of the linear interpolation on [xg, 1]
has the form

e [£(2) — Ly ()] < 220

[1'0,1'1] - 8 ’

where
My = max | f"(x)].

[0,21]
Frequently, a table is given containing a great number of values of some
function f with constant step h of argument variation. Then for a given
r two nearest to it interpolation points are chosen. The left-hand point
is taken for xy and the right-hand point for x; and linear interpolation by
above formula is realized.

2.4 Finite and Divided Differences

Finite differences. Let x; = x¢+ kh, where k is an integer, h is the step,
h >0 and fr = f(zr). The quantity

Afe = flae+h) = f(ar) = f(@re1) = f(@r) = froer = i
is called the finite difference of the first order of the function f at the point
xy (with step h), and
A*fr, = A(Afi) = Afper — Afi =
(frer2 = frr1) = (Frar = fo) = fo — 2 1 + frp2

is the finite difference of the second order at the point xp. In general, the
nth - order finite difference of the function f at the point xj is determined
by the recurrence formula

A" fp = AN ) = A" — AT,
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where n > 1 and A'f;, = f;.. When carryingout computations, it is conve-
nient to write finite differences in tabular form:

X fo

Afy
1 | fi A®fy
Ah A% fo
T2 | f2 A*fy A'fo
Afy A fy
3| f3 A2fz
Afs

Ty | fa
Theorem 16. The finite difference of order n of an algebraic polynomaial
of degree n is constant, i.e. is independent of k, while the finite differences
of any higher order are equal to zero.

Divided differences. Let now xg,z1,...,z, be arbitrary points (nodes)
on the z-axis, and x; # x; for i # j. The values f(xo), f(x1),..., f(x,) are
called the divided differences of zeroth order. The number
f($0;$1) _ f(flfl) - f(ZUO)
T1 — Xy

is called the divided difference of the first order of the function f. The
divided difference of the order n of the function f is defined via the divided
differences of order n — 1 by the recurrence formula

Flao s 1) = flxy,zo, .. 20) — f(xo, 21, ., Tp1) |
Tn — Xy
The divided differences are written in the form of array:
zo | f(zo)
f(@o; 21)
1 | f(21) f(wo; 213 2)
f(5131;$2) f($0;$1;$2, ;963)
T | f(22) f(w1; 205 73) [ (o5 213 25 T3, 5 T4)
f(@o; w3) [y 29 73,5 24)
3 | f(w3) f(@2; x3; 4)
f(w3;24)
x4 | f(14)
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Theorem 17. The nth-order divided difference is expressed in terms of
the nodal values of the function by the formula
flrosxy; .. 5m) =D, f(@)

=0 (v — o) .o (w — i) (@ — @iga) - (@ — T)

i.e. it is a symmetric function of its arguments.

)

Theorem 18. If v, = xo + kh, k = 0,1,... then there is the following
relation between the nth-order divided difference and the nth-order finite
difference:

A"y

flxo;z1;.. . 2,) = o

Theorem 19. Let [, 3] be the minimum interval containing the points
X0, T1, ..., Tn, f € C™([a, B],R). Then there is a point n € («, B) such that
_ )

f(wo; 21505 1p) ol

2.5 Newton’s Interpolation Formula

Let xg, x1,...,x, be arbitrary pairwise noncoinciding interpolation points
at which the values of the function f are known.

Theorem 20. The nth-degree algebraic polynomaial
ln(z) = f(z0) + (x — x0) f (w03 21) +
(. —x0)(x — 21) f(xo; 215 22) + -+ - +
(x —xo)(x—21) ... (x —xp1) f(xo; 215 . . .5 y) (2.11)

15 an interpolation one, that is,
ln(z;) = f(x;), i =0,1,...,n.
Let us prove this equalities for n = 2. We have
lo(z) = f(z0) + (z — ) f(z0; 21) + (2 — o) (z — z1) [ (20; 215 T2)-
Obviously, ls(xg) = f(xg). Further
la(z1) = f(xo) + (x1 — 20) f(wo3 21) =

f(.CL'()) + (LUI — gjo) . f(xl) — f(x())

X1 — Xo

= f(z1).
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Finally

la(x2) = f (o) + (22 — 20) f (03 21) +
(w2 — o) (w2 — 21) f (wo; T1522) = f(20) + 1 — - (f(@1) = f(zo)) +
(2 — 20)(72 — 21) _ (f(@) — flz1)  flx) - f(afo)) _

To9 — T To — I 1 — 2o

Lo — Xo

Lo — Xg

20 (f(z1) = f(@o)) + f(x2) — f(21) —
27 (f(21) = f(x0)) = f(22).

f(xo) +

1 —

1 — Xo

For arbitrary natural n > 2 equalities can be proved by induction.

2.6 The case of equally spaced interpolation points

Let xx = x9+ kh, h >0,k =0,1,...,n, and f; = f(zr). We may rewrite
the interpolation polynomial (2.11) in the form (where ¢ = (x — x)/h):

ln(x) = ln(xo + qh) =
A2 fy
21

A" fo
2.12)

fora- S g A - (1))

1!

It is so called Newton’s interpolation polynomial for forward interpolation.
The point ¢ is situated at the leftmost interpolation point zy. This poly-
nomial may be conveniently used for interpolation at the beginning of the
table and for extrapolation to the left of the point x, that is, for ¢ < 0.

Example 52. Let there be given a table of the values of the function



70 Josef Diblik, February 16, 2005 NUMERICAL METHODS (Preliminary version)

f(z) = sinx and its finite differences:

v [J@) [ Af@) [ A% @) [ A (@)
5¢ 10,087156
34.713
7° 10,121869 —148
34.565 —42
9° 10,156434 —190
34.375 —43
11°10,190809 —233
34.142 —41
13910, 224951 —274
33.868
1510, 258819

(For the sake of simplicity, the finite differences of a function are custom-
arily written without an explicit indication of the position of the decimal
point.) Suppose that it is required to find sin6°. In (2.12) we set n = 3,
xg =5 h =2 q=(6°—5%/2°=1/2. The relevant computations have
the form:

fo= 0.087156
gAfy =0.5-0.034713 = 0.0073565
(g — 1)AZf, /2! = (1/8) - 0.000148 = 0.0000185
q(q —1)(q — 2)A%fy/31 = (=1/16) - 0.000042 = — 0.0000026
15(6°) = 0.104528

Here, the intermediate quantities are found with seven digits after decimal
point. The seventh digit is a spare one and in the final result it is rounded
off. The exact value of sin 6° rounded off to six decimal places is equal to
0.104528, that is, all digits of I3(6°) turn out to be correct. (Let us note
that the exact value: sin 6° = 0, 1045284.)

The interpolation polynomial with points xg,x_q,...,2_,,, where x_; =
xo — k - h, has the form

ln@;) = ln(x() + qh) =

Af
1!

A’f,
2!

A"f_,
n!(

fo+q- +q(g+1)- +4qlg+1)...(g+n—1)-

2.13)
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It is called Newton’s interpolation polynomial for backward interpolation.
In it the reference point ¢ is situated at the rightmost interpolation point
xo, and the finite differences used are contained in the table form f; to the
right upwards:

Af_y
T3] f-3 Afy
Afs A°f 4
T 2| foo A2f—3 A4f—4
Afs A°f
ro1| fo A2f—2
Afa

zo | fo

The interpolation polynomial (2.13) may be conveniently used for inter-
polation at the end of the table and for extrapolation to the right of the
point xg, that is, for ¢ > 0.

If for a given x, the table of the values has a sufficient number of inter-
polation points on either side of x, then, it is convenient to choose the
interpolation points xg,x1,...,z, so that the point x is found as close
as possible to the middle of the minimum interval these points. In this
case, the interpolation polynomial can be constructed in different ways.
The most natural way to specify the interpolation polynomial in the form
(2.11) where the nearest to = point is taken as zy (on one side of x) and
then the nearest to x point is taken as x; (on the opposite side). The
subsequent interpolation points are taken by turns on opposite sides of x
and are situated as close to x as possible. With such a choice of the inter-
polation points, the subsequent terms in (2.11) are usually decreasing if h
is small and n is not large.

The remainder of the interpolation polynomial (2.12) may be written (if
use the remainder of L, (x)) in the form

")

Ry(x) = Ry(xo + qh) = hnH@ﬂ(Q) : m )

where
wn(q) =qlg—1)...(¢—n)
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and the remainder of the interpolation polynomial (2.13) may be written
in the form

frE)

Ry(x) = Ry(zo + qh) = h"'q(q+1) ... (¢+n) - EEmk

where f"*! is the derivative with respect to = and & is some point of the
minimum interval containing the interpolation points zy,z_1,...,x_, and
the point x. If h is small and the function f is sufficiently smooth, then the
current term in (2.12) is approximately equal to the error of interpolation
by the polynomial made up of all the previous terms. This remark also
refers to the interpolation polynomial (2.13) for backward interpolation.



Chapter 3

Numerical Differentiation

3.1 Simplest Formulas of Numerical Differentiation

Let us assume that at some point z the function f has the derivative

o) — g T AD) = 1)

Axz—0 Agj

Then it is natural to set
flz+ Ax) — f(z)

Py HEEEE

There arises the question: What is the error (i.e. what is the difference
between the left-hand and right-hand members) of this approximate equal-
ity? To obtain the quantitative estimates of the error, the sole fact of the
existence of f’(x) is insufficient. Therefore, when analyzing the error of ap-

proximate formulas of numerical differentiation, we usually demand that
the given function have some derivative of a higher order than the desired
derivative.

Let z; = xog+1-h, i = 0,£1,£2,..., where h > 0 is the step. Let us
set f; = f(x;), fI = f'(x;), and so forth. Suppose that f € C?([xg, z1], R).
Then there is a point £ such that

- h
f(;:fl hf0—2-f”(§), 10 < £ < 71 (3.1)
If feC3([r_1,21],R), then, in addition,
2
p=toB e, ea<e<nm 3:2)

73
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Under the condition that f € C™[x_y, 1], we have

_ 4
0= 2 Z2fo+f1 _hf ), za<g<am. (3.3)

The point £ in each of the formulas is unknown.
Let us prove the relationships (3.1) and (3.3). According to Taylor’s for-
mula, we have

h2
fi=fo+hfy+ Ef”(f),

where ¢ is some point of the interval (z¢, 1), that is, (3.1) holds true.
Analogously, if f € C™ on [x_;, 1], then

h? h
for = fox hfo+ o fo + o fY (),
2 24
where £+ may be replaced either everywhere by 4 or everywhere by — and
rog <& <& <. Then
4

foa+fi=2fo+ R f)+ 21

() + 1)),

It can be proved that

FOE) + FU(E) =277,
where & € [€_,£,]. Then

//:f—1_2f0+f1 h74
0 h? 12

that is, we arrive at the relationship (3.3). The formulas (3.1) - (3.3) are
called the formulas of numerical differentiation with remainders, and the

formulas
f/%fl—fo  ~ h—-fa o -2t h
0 heot 0T o 0 0 h2

simply the formulas of numerical differentiation. Errors of these formulas
are g

1= Jo

fo= P < 2 a0,
[z0,21]
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(error is the first order with respect to h (or to be of order h));

h—Jfa
2h

fo =

<! a1,

[z-1,21]

(error here and in the next relation is said to have the second order with
respect to h (or to be of order h?)),

" f—1_2f0+f1
0 72

_T max |f ( )|

[2_1,21]

3.2 Applying Lagrange’s Interpolation Polynomial

One of the general-purpose methods of constructing the formulas of numer-
ical differentiation consists in the following: using the values of the function
f at some points xg, x1,...,x,, we construct the interpolation polynomial
L,(z) and approximately set:

f = Lm0 <m<n.

If e.g. n = 2 (the case of three points) then

20 — 11 — X9

LIZ(x) = (xO - 501)(50 . $2) : fO +
2T — Ty — T . 20 —xg — 11 f
(21 — o) (w1 —w2) ' (22— wo)(wa —a1) 7
" _ 2f0 2f1 2f2
Lale) = (2o — 1) (w0 — 22) " (1 — wo) (w1 —22) (T2 — o) (22 — 1)
and

o 1 3 4 h? "
fo—ﬁ'(_ Jo+ f1—f2)+§'f (£),
h2

fi= g (o= o) = £(0),
2

h
fi= o = Afi 4 3R) + - £7(E),
= o= 2+ f2) = b 7€),
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" 1 h? (4)
1= 55 (o=2fit fa) = 5 F(0),

Y= 2t )b G

If m =1 and n = 3 (the case of four points), then:

3

fo= 61h (=11fo +18f1 = 9fa +2f3) — Z (),

| o
Ji= oh (=2fo = 3fi +6fo — f3)+7'f (€),

3
fi= o (o= 643+ 2f5) — o FO(E)

3

fi= o (26 + O — 18 +11f5) + - (o).

6h
If m =2 and n = 3 then:
2
6’:}112~(2f0—5f1+4f2 f3) + 112 f(4)(€),
h2
g (fo=2fi+ o) = 5 FU(9),
h2
o5 (=224 fa) = 5 - FOE),
2
Qzégw—ﬁ+4ﬁ—5ﬁ+2ﬁy+f§-fW@»

With an increase in n and an appropriate smoothness of the function f,
the order of accuracy of the formulas is increased, and with an increase in
m (that is, in the derivative number) the order of accuracy with respect to
h decreases. The expressions of the derivatives at the points situated closer
to the middle of interval [z, x,] are simpler that those at its ends. For an
even n the order of accuracy of the formula at the middle point for an
even derivative is a unity higher than at the remaining points. Therefore
it is recommended to use the formulas of numerical differentiation with
points arranged symmetrically about the point at which the derivative is
determined.

In formulas of numerical differentiation with constant step h the values of
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the function f are divided by A", where m is the order of the computed
derivative. Therefore for a small h the inherent errors in the values of
the function f strongly affect the result of numerical differentiation. Thus,
there arises the problem of the choice of an optimal step h, since the error of
the method itself tends to zero as h — 0, and the inherent errors increases.

3.3 Applications of Newton’s Interpolation Polyno-
mial

All the listed formulas are expressed in terms of the tabular values of the
given function. If we differentiate Newton’s interpolation polynomial [,,(z),
then we obtain the formula of numerical differentiation expressed in terms
of finite differences of the function. Taking into consideration that

d _1d
dx  hdqg
we find (from (2.12), p. 69)

1 d
f’(x)%h-dqln(quh):

1 A? A?

. (Afo+(2q—1)-Z,ﬁ)+(3q2—6q+2)- S,fo+...).

This formula is convenient to be used for interpolation at the beginning of
the table of the values of the function f with step h. A similar formula
of numerical differentiation can be obtained from Newton’s interpolation
polynomial for backward interpolation.

3.4 General error estimate

It is possible to obtain the error estimate of the general formula of numerical
differentiation which is expressed in the form of an inequality in terms of
the modulus maximum of the derivatives. We shall confine ourselves to
considering the case when the interpolation points are spaced at a constant
step h.
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Theorem 21. Let x; = xg+ih, h > 0,1 =0,1,...,n, 0 < k < n, and
f € C*Y([xg,z,],R). Then there are constants anp, dependent only on
n, k and m and independent of the step h and the function f such that

max [ (@) = L ()] < WHI - aggn max [ (@)
T0,Tp T0o,Tn

Y

where L, (x) is Lagrange’s interpolation polynomial for the function f, 0 <
m<k<n.



Chapter 4

Splines

Let the interval [a, b] be divided into N equal subintervals [z;, z;,1], where
ri=a+1ih,i=0,1,....N—1, 2y =b,and h = (b — a)/N.

The spline is defined as a function which, together with its several deriva-
tives, is continuous throughout the given interval [a, b] and on each separate
subinterval [z;, x;;1] it is some algebraic polynomial. The maximum (over
all the subintervals) degree of polynomials is called the degree of a spline,
and the difference between the degree of a spline and the order of the high-
est derivative continuous on [a, b] is called the defect of a spline.

For instance, a continuous piecewise linear function (a broken line) is a
first-degree spline with defect equal to unity, since only the function itself
(or zero derivative) is continuous, while the first derivative is already dis-
continuous.

In practice, the most common are third-degree splines having a continu-
ous, at least, first derivative on [a,b]. These are called cubic splines and
are denoted by Ss3(z). The quantity m; = S4(z;) is termed the inclination
of the spline at the point (knot) x;. It is not difficult to make sure that the
cubic spline S3(x) which attains the respective values f; and f;11 at the
knots z; and x;,1 has the following expression on the subinterval [x;, z;11]:

S3(w) = hlg,'($i+1—$)(2($_$i)+h)'fi+hlg,'(x—xz‘)Q(Q(%‘H—$)+h)'fi+1+
;2 (Tig1 — 93)2(1' — ;) - m; + ;2

Indeed, it is readily seen that S3(x;) = f; and Ss3(z;41) = fir1. Besides,
simple computations show that S(z;) = m; and S5(z;11) = mq. It is
possible to prove that any third-degree algebraic polynomial, which attains

(= @) (@ = i) - Mg,

79
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the values respectively equal to f; and f;11 at the knots z; and z;,; and has
a derivative respectively equal to m; and m;,; at these points, coincides
identically with given polynomial.

Thus, to define the cubic spline S3(x) over the whole interval [a,b], we
have to specify its values f; at N + 1 knots x; and its inclinations m;
1 = 0,1,...,N. A cubic spline which attains the same values f; at the
knots x; as a function f is called the interpolation spline. It serves for
approximating the function f on the interval [a,b] together with several
derivatives.

4.1 Methods of Specifying the Inclinations of an In-
terpolation Cubic Spline

1. Method I. (Simplified)
We set 1
= (4fy— fo— 3
mo Qh( fi— f2—3f),

1 .
mi:%(fiﬂ—fi_l), 221,2,...,N—1,

= 21}1(3]01\7 + fn-2 —4fn-1).

These formulas are formulas of numerical differentiation of the second order
of accuracy with respect to the step h = (b —a)/N.

my

2. Method I1

If the values f] of the derivative f’ at the knots x; are known, then we set

mizf.' i:O,l,...,N.

7

Methods I and II are called local since with their aid the spline is con-
structed separately on each subinterval [z;, z;.1] (directly by above for-
mula). In doing so, nevertheless, the continuity of the derivative S5(z) at
the knots x; is observed. But the continuity of the second derivative S (z)
at the knots of the spline constructed by these methods is not quaranteed.
Therefore the defect of such a spline is usually equal to two.
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Method III (Global)

Compute
dm;  2miq Jiv1 — fi
S3(x; +0) = — L h +6- 2
2m;— 4m; Ji— Ji

Then the continuity of S”(z) is required at the knots:
S¥(x; —0)=SY(z; +0), i=1,2,...,N — 1.

We arrive at the following system of linear algebraic equations with respect
to inclinations:
3(fis1 — fic1)

mi_1+4mi+mi+1: A s i:1,2,...,N—1.

(4.1)

Since there are N + 1 unknowns, it is necessary to specify two more condi-
tions which are called the boundary conditions. Let us give three variants
of boundary conditions:

(a) With fj = f'(a) and fy = f/(b) known we specify:
mo = fév my = f]/V

(b) The derivatives f| and f) are approximated by the formulas of
numerical differentiation of the third order of accuracy. We set

1
mgy = 67}1 . (—11f0 —|— 18f1 — 9f2 + 2f3),
1
mN = o (11 fn —18fn_1+9fn_2—2fn_3).

(b) In some cases the values f” at the end points of the interval [a, 0]
are known, that is, the quantities f = f”(a) and fy, = f”(b). Then the
requirements S5 (a) = fJ and S%(b) = fx lead to the boundary conditions

mq 3

My = -+ o (fi = fo) —
mN=—mg_1+23h (fv — fv-1) + f]l\lf'
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The boundary conditions (a) - (¢) may be combined. For all considered
boundary conditions, the system (4.1) has a unique solution. Solving this
system we find the inclination m;, ¢ = 0,1,..., N. Then we specify the
spline on each subinterval [z;,x;11], ¢ = 0,1,..., N — 1. This spline has
a defect not exceeding unity since its second derivative is continuous on
[a, b].

4.2 The Error of Approximation by a Spline
Theorem 22. If f € C*'([a,b],R), 0 < k < 3, then the interpolation

spline S3(x), with the inclinations given by Method II or by Method III,
satisfies the inequality

max

)
[xi;l‘i—kl]

f(m)(@ _ S?Sm)(x)‘ < Opftm. IF%}X )f(kﬂ)(x)

where1=0,1,..., N—1,m=0,1,...,k, and C is a constant independent

of h,t and f.

Splines are a more convenient means of approximation of functions on big
intervals (for large N) than, say interpolation polynomials. An approxi-
mation of a function on a big interval by one polynomial may require a
considerable increase in its degree in order to achieve the assigned accu-
racy, which is unacceptable in practice. The subdivision of the given inter-
val [a,b] into several parts with an interpolation polynomial constructed
independently on each subinterval is inconvenient, since the first derivative
of two neighbouring interpolation polynomials will have a discontinuity. It
may even happen that the values themselves of two adjacent interpolation
polynomials will not coincide at the joint if the joint point is not their
common knot. The cubic spline Ss3(z) whose inclinations are found by the
global method is twice continuously differentiable on the entire interval
la, b], that is, it has a continuous curvature. The accuracy of the approxi-
mation of the function f by the spline S3(x) is controlled by the choice of
N, that is, by the step h = (b —a)/N.



Chapter 5

The Method of Least Squares

5.1 Introduction

Definition 19. A set M is called a linear space if the operations of addi-
tion and multiplication by the real numbers within the bounds of M and
satisfying the following conditions are defined in this set:

1. addition is associative: (f +g)+r=f+ (g+7r);
addition is commutative: f + g =g+ f;

there exists a zero element 6 € M, i.e. f+ 60 = f for every f € M;

= W N

0-f =4 for every f € M;
(a+8)-f=af +Bf;
a(f+g) =af +ag;
a(Bf) = (ap)f;

1 f =

Here o and 3 are real numbers.

S N

Definition 20. A scalar productis said to be introduced in the linear space
F if to each pair of elements f,g € F there corresponds a real number
denoted by (f,g) and called the scalar product of the elements f and g
which satisfies the following azioms of scalar product:

L. (f,9) = (9, f);

83
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2. (f,f) > 0, where (f, f) = 0 if and only if f = 6, that is, f is a zero

element in F

3. (af,g) = a(f,g), where « is any real number;

4. (fi+ for9) = (f1,9) + (f2,9)

The linear space F' with scalar product (f, g) introduced in it is called the
FEuclidean space and is denoted by F.

We shall be interested in two concrete Euclidean spaces, namely, the space
E = E¢ of functions which are continuous on the interval [a,b] with the
scalar product

1 b
(f.9) == [ f@)g(x) du (5.1)
and the linear space ' = E, . of functions defined on a finite (discrete)
set of points xg, 1, ..., x, of some interval [a,b] with the scalar product
1 n
(1:9) = g - 2 f@g(a) (52)

Definition 21. A set F is called a linear normed space if it is linear and
each element f € F' is associated with a real number || f|| which is called
the norm of f and satisfies the azioms of norm:

L. |f]l =0, and ||f|| = 0 if and only if f = 6, that is, f is a zero element
in [

2. laf | = ol ] for any real a;

3. M +gll < [IfI + llgll for any f, g € F.

Axiom 3 is called the triangle inequality for the norm.

Example 53. The class Cla, b] of all continuous functions specified on the
interval [a, b] is, obviously, a linear space, since the sum of any two contin-
uous functions is continuous, and a continuous function multiplied by any
number is also continuous. The zero element in this space is represented
by the only function which is identically equal to zero on [a, b].
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If we introduce the norm

11 = max | z) (5.3
into the class Cl[a, b], then it becomes a normed space.

Definition 22. A set M is called a metric space if any pair of its ele-
ments is associated with a nonnegative number p(f, g), called the distance
between the elements f and g, which satisfies the following azxioms of dis-
tance:

1. p(f,g) =0 if and only if f = g;
2. p(f,9) = plg, [), for every f,g € M;

3. p(f,r) < p(f,g9)+ plg,r), for every f,g,r € M.

Axiom (3) is called the triangle inequality. The function p(f, g) will also
be called the metric of the space M.

A metric space may be exemplified by any set M of the points z,y, z, . ..
of the n—dimensional space R* with the distance

plz,y) = Jé(w — yi)?

where = = (21, %2,...,2,) and y = (Y1, Y2, - - -, Yn)-

For the norm introduced via a scalar product by the method (5.5), all the
three axioms of norm are fulfilled. Axiom (1) follows directly from Axiom
(2) of definition of scalar product. Let us verify Axiom (2). Let a be any
real number. We have

lafl® = (af, af) = a(f.af) = alaf, f) = *(f, ) = || f]*

Hence,

lacf Il = lafll 1],

since ||af|| > 0. Axiom (2) has been fulfilled. Axiom (3) can be established
by means of Minkowski’s inequality:.

Any linear normed space is at the same time a metric space with the dis-
tance (metric)

p(f,9) =IIf =gl
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In one and the same linear space, the norm can be introduced by a different
methods. For instance, in the class of continuous functions C[0, 1] the norm
can also be specified, besides (5.3), in the following form:

1= ([ Fayas) (5.4

In order to distinguish between various norms, we shall use appropriate
subscripts. For example, for the norm (5.3) the following symbols are
used:

I flletae > 1 lle
and for the norm (5.4) the symbol

1f1]z

is frequently utilized.
Note that every Euclidean space is simultaneously a linear normed space
with the norm

1A= V(f /) (5.5)
and, consequently,a metric space with the distance
p(f.9) = IIf =gl =V(f —9.f —9) (5.6)

Let in the Euclidean space E there be given a system of functions

Lo, P1y - -5 Pm-
Definition 23. The determinant

(vo,00)  (p1,00) -+ (Pm; o)

(o, 1) (p1,01) --o (om, 1)

(0, om) (1, 0m) - (Pms Pm)
made up of scalar products is called Gram determinant (or gramian) of
the system of functions g, ©1, ..., ©m.

Lemma 1. The Gram determinant is equal to zero if and only if the system
of functions @g, 1, ..., 0m 1S linearly dependent.
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Definition 24. A system of functions ¢, ©1,..., @, is said to be orthog-
onal if

(pjr06) =0, G #k, (pj,05) >0, (5.7)
where 0 < 7, k < m.

If the system of functions g, 1, ..., v, is orthogonal, then it is linearly
independent.

5.2 A Polynomial of Best Mean-square Approxima-
tion

Definition 25. The function

D, (x) = copo(x) + cror(x) + - - - + cnom(x), (5.8)
where c¢g, c1, . . ., ¢, are numerical coefficients, is called the generalized poly-
nomial with respect to the system of functions g, ©1, ..., ©m.

The following problem is posed: find a polynomial of the form (5.8) such
that the distance p(f, ®,,) is minimal where f is an arbitrary given func-
tion. This distance is called the mean-square deviation of the polynomial
®,, from the function f. The polynomial ®,, possessing the indicated
property is called the polynomial of best mean-square approximation of the
function f.

Let us show that if the system of functions ¢, ¢1, ..., @, is linearly inde-
pendent, then for any function f € E the polynomial of best mean-square
exists and is unique. In accordance with (5.6),

P2(fa q)m) = Hf - CI)mH2 = (f — @, f — (I)m) =

(f —copo(x) = = cmpm(z), f — copo(x) — -+ — cnipm(x)) =
(f, f)+ %lcj cr - (@5, or) — 2 gocj (fr i) (5.9)

Thus, the quantity p?(f, ®,,) is a quadratic form relative to the desired
coeflicients ¢; of the polynomial (5.8). Since for any ¢;, j = 0,1,...,m,
p*(f, ®,,) > 0, it is known from the theory of quadratic forms that the
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quadratic form (5.9) reaches its nonnegative minimum. Simultaneously
with p*(f, ®,,), the distance

p(f7 (I)m) - \/p2(f7 (I)m)

also reaches its minimum.

Equating the partial derivatives of the form (5.9) with respect to ¢;, i =
0,1,...,m, to zero, reducing the coefficient equal to 2, and transposing
the constant terms to the right, we arrive at the following system of linear
algebraic equations:

co(o, wo) + c1(@1, ¢o0) + -+ + cm(@m, o) = (f, o),

co(po, 1) + c1(epr, w1) + -+ + cnlom, v1) = (f, 1),
(5.10)

60(9007 (pm) + 61(8017 @m) + -+ Cm((pma @m) = (fa me)a

called the normal system. By Lemma 1 its determinant, which is the Gram
determinant, of the linearly independent system of functions vq, 1, ..., ©n
is not equal to zero. Therefore for any function f € E the system (5.10)
has the unique solution ¢y, c1, ..., ¢, which corresponds to the unique sta-
tionary point of the quadratic form (5.9). This stationary point can be
only the point of minimum, since the form reaches its minimum.

In the space F¢ of continuous functions with the scalar product (5.1) the
distance p(f, g), called the mean-square distance, in accordance with (5.6),
acquires the form

p(f,9) = J ; i - /ab[f(a:) — g(x)] du, (5.11)

and in the space F,, 1 of functions defined on the discrete set D = {x;}!",
with the scalar product (5.2) the mean-square distance is given by the
formula

) =y 11 — gl (5.12)

It should be borne in mind that the proximity of two continuous functions
by the distance (5.11), that is, in the sense of mean-square deviation, does
not guarantee the smallness of their maximum deviation from each other.
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For instance, let g(t) = 0 for = € [a,b] and let the function f(x) be given,
differing from the former by a narrow tooth of altitude n and thickness at
the base equal to 1/n3. In this case

p(f.9) = Jb = 1) — gl =

1 b 1 1 1
\lb—a/a fQ(x)de\lb—a'nQ'n?’: (b—a)n’

that is, by choosing n, we can make the mean-square distance p(f,g) ar-
bitrarily small and the quantity

max |f(z) — g(z)|

[a,b]

arbitrary large.

5.3 Mean-square Approximations by Algebraic Poly-
nomials

We often use mean-square approximations of functions by algebraic poly-
nomials, that is, instead of the system of functions ¢y, 1, ..., v, we take

the powers of z: 1,z ,22,...,2™.

The system of these functions is lin-
early independent in E¢o (that is, on the given interval [a,b]) for any m.
In E, . it is linearly independent if m < n. For m > n + 1 the system
1,z,22,...,2™ is linearly dependent in F, ;.

Example 54. On the interval [0, 1] construct the polynomial of the best

mean-square approximation ®1(x) = ¢y + ¢y for the function f(x) = /x.

Solution. We have ¢y(z) = 1, p1(x) = x. Therefore

1 1 1
(po,00) = [ Pde =1, (pr.1) = | vhde =2,
_ _ 1 d _1
(9007901) - (@17@0) _/0 Irar = 57

(f, %0) /\/_dib“_*, (f, 1) /\/5 md:z:——
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Consequently, the normal system of equations (5.10) is the following:

+1 2
Co 9 01_37
1 +1 2
i.c i.c —
2 T3 M5
Hence,
4 4
00_157 01_57
and A A
(I)l(x)zﬁ—i—g'ﬂ?.

In this case, the mean-square deviation ®; from f has the value

V2

p(f,cpl):w;(ﬁ _____ x>2dx:30.

When finding the algebraic polynomial of best mean-square approximation
in E¢ for the function f of a continuous argument on the interval [a, b] we
may encounter some difficulties in connection with the evaluation of the
right-hand members of the equations (5.10), that is, the integrals

1
b—a

although the coefficients of the system, that is, the scalar products

(f;%) =

b .
/ f(z) -x'dx, i=0,1,...,m,

b
(), oK) = ; i a/a 2 do,

are evaluated readily.

Therefore the method of least squares is used in the discrete variant, that
is, in Fy,41. A set of points {z;}!", from the interval [a,b] is given by ex-
perimental evaluations of the function f. It is desirable that the number
of points exceeds the degree m of the polynomial at least by one and a half
or two times. The points on the interval [a, b] are arranged as uniformly as
possible or are somewhat concentrated on the portion of the interval where
it is important to obtain a more exact approximation of the function. In the
discrete variant, the computation of the coefficients and right-hand sides
of the normal system of equations (5.10) in terms of the scalar product
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(5.2) is not difficult. The found algebraic polynomial of best mean-square
approximation of the function f on the discrete set {z;}"_, C [a, b] in sense
of the distance (5.12) is usually taken for some approximating polynomial
of the function f throughout the interval [a,b] .

If m = n, then the algebraic polynomial of degree n which is found in the
discrete variant by the least-squares method coincides with the interpola-
tion polynomial, since the deviation of the interpolation polynomial from
the given function f on the set of points {x;}!', in sense of the distance
(5.12) is equal to zero.

The mean-square approximation of a function by an algebraic polynomial
is used when the function to be approximated is not sufficiently smooth and
one fails to construct a suitable interpolation polynomial for it, spline or a
polynomial of uniform approximation, and also if the values of the function
are known at a sufficiently large number of points, but with random errors.

5.4 Application of Orthogonal Polynomials

The solution of the normal system of equations (5.10) is found in a most
simple way if the system of functions vg, ¢1, ..., ., is orthogonal, that is,
satisfies the condition (5.7). In this case, the matrix of the system becomes
diagonal and coefficients

(f, ¢5)
(90]'7 90.7)
They are called the Fourier coefficients of the function f with respect to

the orthogonal system @g, 1, .-, Pm.
Taking into account (5.13) we find

P(f @) = 1P = _ZOC? leos 1,
J:

i=0,1,....,m. (5.13)

Cj:

where ®,, is the polynomial of best mean-square approximation of the func-
tion f constructed with respect to the orthogonal system g, 1, ..., ©n,
and c¢; are its coefficients. Hence it is clearly seen that with an increase in m,
that is, with new functions added to the orthogonal system g, ©1,..., om
(without changing the old ones), the quantity p?(f, ®,,), generally speak-
ing, decreases (does not increase).
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5.5 Method of least squares - continuation (a practi-
cal approach)

Consider now an elementary approach to the method of least squares. The
following problem is often encountered in practical applications. Suppose
two functionally related quantities x and y are associated with n pairs of
known values (z1,y1), (z2,Y2), - -, (Tn, yn). It is required to determine, in
the preassigned formula

y:f(x,@l,&%---,&m)

m parameters aq,@s,...,Q,;, m < n so that the known n pairs of the
values of x and y would suit the formula in the best way.

We can consider as the best values aq, s, ..., @, which turn into min-
imum the sum

n
Z [f(xkaalaa% e 704m> - yk]2 )
k=1

that is, the sum of the squares of deviations of the values of y, calculated
by the formula, from preassigned values. This explains the name of the
method of least squares.

This condition yields a system of m equations which are used to deter-

mine o, o, . .., Q!
Of(zr, an, ..., 0,
Z [f(x/ﬁOél)OéQ?"' 705m) _yk;] . ( 18@2 ) — 07
= J (5.14)
where j =1,2,...,m.

5.6 Special cases - a)
Let us put:

y:f(x7&170{27'--70{m):azoxm+a1xm_1+...+am.
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It is necessary to define m + 1 parameters ag,ai,...,a,; n > m + 1.
System (5.14) assumes the form

n n n
m m—1
aOZkaralek + - nam = > Yk,

n n n
aOme+1+alzx?+---+amZ$k: Zxkyka

= k=1 =1
g Z o+ Z Wt Y 2l = Z LY,
k=1 k=1
(5.15)
9 1 n n
aOZxk +alzxm +tan Yy = oy
k=1 k=1

This system of m + 1 equations with m + 1 unknowns always has a unique
solution since its determinant is nonzero.

5.7 Special cases - b)
Let us put:
y = Ae™

To simplify system (5.14), we first take logarithms of this formula and
replace it by
logy =log A+ c-x-loge.

In this case, system (5.14) assumes the form
n n
c-loge- > xp+n-logA=> logy,
k=1 k=1

c-loge-> 22 +1logA- > = Y xplogys.
k=1 k=1 k=1

Then we determine ¢ and log A.

5.8 Special cases - c)

Let us put:
y = Ax.
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To simplify system (5.14), we again take logarithms of this formula and
replace it by
logy =log A+ q-logx.

Now system (5.14) assumes the form

n n
q-> logzy+n-logA="> loguys,
k=1 k=1

q- > log?z, +logA- Y logz, = Y logzy - log ys.
k=1 k=1 k=1

Then we determine ¢ and log A.

5.9 Special cases - d)

It is often necessary to choose the best way to replace some given function
y = f(z) on the interval [a,b] by an mth-degree polynomial

Yy~ p(xr) =apz™ + az™ N a,.

In that case, the application of the method of least squares helps in finding
the coefficients ag, aq, ..., a, from the condition of the minimum of the
integral

["To(@) — F@) do = [ aga™ + ag™ £+ 4 — f(@)]° da.

The necessary condition for the minimum of that integral lead to a system
of m + 1 equations with m 4+ 1 unknowns ag, aq, ..., a,,, which is used to
determine all these coefficients:

b
/a g™ + arz™ 4 -+ ay — f(2)] 2" dr =0,

b
/ [aoxm +a ™ et ay, — f(x)} " dr =0,
a

b
/a {aoxm_kalxmfl_|_...-|-a,m—f(x)} deO



Chapter 6

Numerical Integration

In practice, we seldom succeed in finding the exact value of a definite
integral or in integrating an ordinary differential equation. For instance,

the integral
/2 dx
1 Inx

cannot be expressed in elementary functions, and the equation
u' = exp(—2? — u?)

cannot be integrated. In the next we describe some numerical methods for
solving definite integrals and differential equations.

6.1 Quadrature Formulae

Let us first formulate a theorem from integral calculus.

Theorem 23. Let f,g € Cla,b], and g(x) > 0 on [a,b]. Then there is a
point £ € |a,b] such that
b b
| f@)g@)de = f(€) [ g(x) de.

Let us introduce the notion of a quadratic formula. Let there be given the
definite integral

b
I= /a f(x)dx
of a function f which is continuous on the interval [a, b]. The approximate
equality

[ fa)dr~ g )

95
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where g; are certain numbers, and z; are certain points of the interval [a, b],
is called a quadrature formula defined by weights ¢; and nodes x;.

6.2 The Rectangular Formula

Suppose that f € C?[—h/2,h/2], h > 0. We set approximately

/h/2 z)dx ~ h- fo, (6.1)

where fy = f(0), that is, the area of the curvilinear trapezoid bounded
from above by the graph of the function f is approximated by the area
of the hatched rectangle whose altitude is equal to the value of f at the
midpoint of the trapezoid’s base. We then find the remainder, that is, the
error of formula (6.1). Let

= /Ox f@)dt, Fiip=F(£h/2). (6.2)

Since F(0) = 0,F'(0) = fo, F"(0) = f; = f(0) and F"(z) = f"(x),
according to Taylor’s formula with its remainder in Lagrange’s form, we

have
h h? h? y
Fi1/2—i f0+* fo£ 78'f (€x)

where £, and &_ are some points such that

h h
——<E << -

2 2
Then
h/2 R fES) + (€
/h/2 Ydr = Fijg—F_ 15 ="h- f0+ﬂ 5 :

Since there is a & such that f”(&) = 3(f"(&-) + f”(&+)) we obtain the
rectangular formula with its remainder:

h3 h
[ @) e =he fo+ 2 1(E) I < 5
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6.3 The Trapezoidal Formula

Let f € C?[0,h]. We set

Jfo+ fi
2 Y

[ flayde~h-

where fy = f(0) and f; = f(h), i.e. the integral is approximately replaced
by the area of the hatched trapezoid. Let us express f; and Fy; = F(h),
where F'is given by (6.2), by Taylor’s formula with its remainder in integral
form:

fr=fot hfy+ [ (=050 dr, (6.3)
/ h2 i 1 h 2 N
Fi = f(0) + hF'(0) + 5 - F (o)+2-/0 (h—)2F"(t) dt =
2
h- fo+ h2 o+ ; : /Oh(h —t)2f"(t)dt. (6.4)

According to (6.3), we have

fO_ fl h2/ h h "
heg =he = fy= g [ (h=t)f"(#)dt.

Isolating the term hfy/2 on the right-side of (6.4) we obtain

[ 1) de = h-f‘);fl _ ;-/Oh(h—t)tf”(t)dt.

Since (h —t)t > 0, t € [0, h] we (by previous theorem) have

[ = tyeg" (e de = () - [ (h— )t dt = f? RAC,

where & € [0, h] is a point. We have arrived at the trapezoidal formula with
its remainder:

fO"‘fl h3 "
s g ). g0

/Ohf(::f;)d$:h-
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6.4 Simpson Formula

Suppose that f € C*[—h, h]. We replace approximately the integral

[ fla)da

by the area of the hatched curvilinear trapezoid bounded from above by
a parabola passing through the points (—h, f_1), (0, fo), (h, f1), where
fi = f(ih). This parabola is given by the equation

h—fa a2t/

on U 2h2 v

which is readily verified by setting, in turn, x equal to —h, 0 and h. Hence
we easily find

y = fo+

/_h y(x)dr = ;L (for+4fo+ )

h
Thus Simpson’s formula, which is also called the parabolic formula, has the
form

[ fa (f— +4fo+ fr).

Let us set F. = F(+h), where F is the function (6.2). Since F'(0) = 0 and
F® () = f*=D(x), 1 < k < 5, by Taylor’s formula with its remainder in
integral form we have

h2
Fy = ith‘i‘* foi* fo ‘|‘* fo £ 21 / it)dt

2
fii=foxh-fi+ h— £l i — f’” /Oh(h — )3 W (£e) dt.

Hence we obtain

Fi— F_l—f (Fatafotfi) = o / (h—t) (Z“) (SO + D (=t)) dt.

Since (h —t)*(h/3 +1t) > 0 for t € [0, h], we find

_ 214 " 1)? (2 + t) (FO) + FO(—1) dt =

1 W) + D (=) ./h(h—t)3 <h+t> dt = _h5-f(4)(§),
0

12 2 3 90
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where n € [0, h] and € € [—h, h] are some points. Taking into account that

F1 — F_1 = /_hhf(a:) dx

we arrive at Simpson’s formula with its remainder:

5
[ fayde =2 (a4 Afo+ fi) — o FOE)

The quadrature formulas considered above are called canonical.

6.5 Composite Quadrature Formulas

In practice, if it is required to evaluate approximately the integral, the
given interval [a, b] is divided into N equal subintervals, one of the canonical
quadrature formulas is applied on each of the subintervals, and the results
obtained are summed. The quadrature formula thus constructed on the
interval [a, b] is said to be composite. When applying the rectangular and
trapezoidal formulas, it is convenient to take subintervals of length h, and
when using Simpson’s formula, of length 2h.

Let us dwell on the use of the rectangular formula in more detail. Let
f € C?. We denote the subintervals by [z;, z;11], where x; = a + ih,
i=0,1,..., N=1,zy =b, h = (b—a)/N. In accordance with rectangular
formula

[ F@) de & b, (6.5)
where fii1/0 = f(a+ (i +1/2)h) is the value of f at the midpoint of the

subinterval [z;, x;11]. Moreover,

$z+1 h3
/. = hfivps + 5 - "),

where &; € [x;, z;11] is some point. Summmg over all the approximation
(6.5) leads to the composite rectangular formula:

/ f(z)dx =~ h f1/2+f3/2 '+fN—1/2)-
Since it can be easy proved:

N-1 1 N1 b—a
> f'(&) = N @fzfmﬁzwwaz
1=0

h

- J(6),
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where £ € [a, ], we have obtained the composite rectangular formula with
its remainder:
b—a

/f h(fijo+ fapp+ -+ fyoijp) + 07 o1 - f(&).

Just in the same way, under the condition that f € C?[a,b], we obtain the
composite trapezoidal formula:

/abf(a:)d:cN <f0+f1+ +fN1+f;V>

and the corresponding composite trapezoidal formula with its remainder:

[ s@de=n (B pi g D) o 2 g,

where f; = f(a+1ih), h=(b—a)/N, and £ € [a, ] is some point.
Let now h = (b—a)/2N and x; = a+jh, f; = f(x;). We rewrite Simpson’s
canonical formula in connection with subinterval [xo;, x9;10] of length 2h:

/Jcm2 f(x)dr ~ g (fai + 4fa2it1 + faiva) -

T24

Summing both sides of this relationship over ¢ from 0 to N — 1, we obtain
Simpson’s composite formula:

/abf(x)dm%;L(f0+4f1+2f2+4f3+"’+4f2N—1+f2N)'

The corresponding Simpson’s composite formula with its remainder, which
is obtained by summing equalities over the subintervals [xo;, T9; 2] provided
that f € C4, is

b—a
180

N N—
/ f(z)dr = - <f0+f2zv+4zlf2¢—1 +2 _lefzz) —ht- W),

where f; = f(a+ih), h = (b—a)/(2N), and £ € [a, b].
For the sake of brevity, let us introduce the notation

reCt =h- Z f2—|—1/27

ra + N=1
[;ULP h,(f02fN+Z:1fz_)’
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where h = (b—a)/N and f, = f(a+ ph), and

Sim h - N
I p:§' <f0+f2N+42f2i—1+2 21 f2i) )

where h = (b —a)/(2N) and f; = f(a + ih). From the expressions for
the remainders it is seen that the rectangular and trapezoidal formulas are
exact for polynomials of first degree, whereas Simpson’s formula is exact
for polynomials of third degree. The first two formulas have the second
order of accuracy with respect to h, while Simpson’s formula is of the fourth
order of accuracy if f is smooth. Therefore for the functions of class C* for
a small A Simpson’s formula usually yields a higher accuracy as compared
with previous method.

The error of the rectangular formula and Simpson’s formula satisfies the
inequalities

rec b—a

I — L] < h*- o0 -rﬁabf\f”(x)l,
: b—a
Sim

=1 P )

There is a similar inequality for the error of the trapezoidal formula. Es-
timates from below are also useful. In particular, for the error of the
rectangular formula the lower estimate is:

P min | ().

I — Irect > h2 .
’ h ’_ 24 [a,b]

Example 55. As an example, let us analyse the errors of the quadrature
formulas for the integral

I = /01/2 e dx

which is not expressible in terms of elementary functions and is frequently
used in applications.

We have

2

fl@)=e™, f(x) = —2xe ™, {'(x) = (4x> — 2)e ¥,

(@) = (=82 4+ 122)e ™, fW(x) = 4(4x* — 12x> + 3)e ¥,
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and
e < ()] < 2, [ (x)] < 12

if z €[0,1/2].
Hence for h = 0.05 we get

04-107*<|I - I’ <0.11-107°
and .
11— 1™ <0.21-1075

The upper estimate of the error of Simpson’s formula is considerably less
than the lower estimate of the error of the rectangular formula.

6.6 Newton-Cotes Quadrature Formulas

Suppose, for a given function y = f(x), it is required to compute the
integral
b

/a f(x) dx.
Choosing a spacing h = (b — a)/n divide the integral [a,b] by means of
equally spaced points g = a, xr; = x¢9+1th,1=0,1,...,n—1, x, = b into
n equal parts, and let y; = f(x;), i =0,1,...,n.
Replacing f(x) by Lagrange interpolation polynomial L, (x), we obtain the
approximate quadrature formula

[ ) de = éAif(xi) (6.6)

where A; are certain constant coefficients. We derive explicit expressions
for the coefficients A; of formula (6.6). Let us recall:

Lu(x) = z Py

where
(x — ) ... (x —xim1)(x — xig1) ... (T — zp)
(i = w0) - (25 — i) (@5 — Tig) - (T — @)

pi(r) =

Introducing the notation ¢ = (z — x)/h and

¢"=q(g—1)...(¢g—n)
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we have
n (_1)n—i q[n+1]
—oil(n—14)! q—i
Replacing in (6.6) y by L, (x) we have

n (_1)n—i q[n+1}

: dx
v il(n —1i)! q—i

L,(z) =

A=

or, since ¢ = (z — xg)/h, dqg = dx/h,

n (—1)"" [n+1] —1)n—t n qlnt1]
GOy g

A; = )
C o dl(n —d)! q—1 z'!(n—z')! 0 q—1i

Since h = (b — a)/n we ordinarily put A; = (b — a)H; where
n+1]

1 —1)n—i n al
f.'( ) /q -dg, 1=0,1,...,n
n iln—14)! Jo q—

are constants called Cotes coefficients.

Then the quadrature formula (6.6) assumes the form

/f )dx =~ ( b—a,)ZHyZ

where h = (b—a)/n and y; = fi(a+ih),i=0,1,...,n
It is easy to see that the following relations are valid:

H =

Z HZ - 17 HZ - Hn—i'
i=0

Applying (6.7) for n = 1, we have
B 1 q(q — 1) B 1 ot B 1
Hy= =1 [/ 55 —Sdg =5, Hi= [Fadg =5
whence

I h
L, F@)dz ~ 3 - (o + ).

1=0,1,...

103

(6.7)

We thus obtain trapezoidal formula for approximate computation of a def-

inite integral.
Applying (6.7) for n = 2, we get

1 1 2 1 /8
Hy=-.-. 1N g—2)dg=- (2 —6+4) ==
0=15 2/O(q )(g —2)dq 4<3 +> G
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11 2 2
H:——-—- —2d:—
1=50q y da—2)dg =g,

11 f2 1
Hy==-=- ~1)dg= .
2 =55y ala—1)dg =

Hence, since o — x¢ = 2h, we have

Z2 h
[ S + 4 + )
0 3

which is the formula of Simpson’s rule.
Carrying out the appropriate computations for n = 3 we obtain from (6.7)
Newton’s quadrature formula:

: 3h
/x: ~ g(yo + 3y1 + 3y2 + v3)

which is sometimes called the three-eighths rule. The remainder of this

formula is
3h°

R=-"".
80

y (&)

where £ € (29, x3).



Chapter 7

Methods of Solving Nonlinear
Equations and Systems

7.1 The Halving Method (Method of Dividing a Line
Segment into Two Equal Parts)

Suppose we have an equation

flz) =0

where the function f(z) is continuous on [a, b] and

fla)- f(b) <0.

In order to find a root lying in the interval [a, b], divide the interval in half.
If f((a+b)/2) =0, then £ = (a + b)/2 is a root of the equation. If

a+b
0
()
than we choose that half, [a, (a + b)/2] or [(a + b)/2,b], at the endpoints
of which the function f(x) has opposite signs. The newly reduced interval
la1,b1] is again halved and the same investigation is made, etc. Finally,
at some stage in the process we get either the exact root or an infinite

sequence of nested intervals

[ahbl]) [a'27b2]7 ceey [a'nabn]a LR

such that
fla,) - f(by) <0, n=1,2,... (7.1)

105
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and ]
b, — a, = 2—n(b— a).

Since the left endpoints
a1,09,43,...,0p,...

form a monotonic nondecreasing bounded sequence, and the right end-
points
b1,09,03,...,0,, ...

form a monotonic nonincreasing bounded sequence, then there exists a
common limit

&= g, an =l bn-

Passing to the limit in (7.1) as n — oo we get [f(£)]* < 0, whence f(£) =0,
which means that £ is a root of equation. it is obvious that

1
0§§—an§2—n(b—a).

7.2 The Method of Chords (Method of Proportional
Parts)

Let us suppose that f(a) < 0, f(b) > 0. Then instead of halving the
interval [a, b] it is more natural to divide it in the ratio

fla): f(b) .
This yields an appropriate value of the root
r1=a+ h

where
hl _ _f(a) . (b . a) _ _f(a)
—f(a) + f(b) f(b) = f(a)
Then, applying this device to the interval [a, z1] or [x1, b] at the endpoints of
which the function f(x) has opposite signs, we get a second approximation
to the root z9, etc. Geometrically, the method of proportional parts is
equivalent to replacing the curve

y = f(x)

- (b—a).
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by a chord that passes through the points Ala, f(a)], B[b, f(b)]. Indeed,
the equation of the chord AB is

r—a_ y-f(a)
b—a  f(b)— fla)

Whence, assuming x = z; and y = 0, we get

f(a)
f(b) = f(a)

Suppose, for definiteness, that f”(z) > 0 for a < x < b (the case f"(x) <0
reduces to our case if we write the equation as: —f(z) = 0). Then the
curve y = f(x) will be convexr down and, hence, will be located below its
chord AB. Two cases are possible: f(a) > 0 and f(a) < 0.

In the former case, the endpoint «a is fixed and the successive approxima-

- (b—a).

T =a—

tions:
Ty = b,

Tnit = — 7 (e —a), n=0,12,..

form a bounded decreasing sequence and
a<E< - < Tpp <xp << < T
In the latter case, the endpoint b is fixed and the successive approximations:

Ty = a,
Tpi1 :xn—%%b—xn), n=20,1,2,...
form a bounded increasing sequence and
o< X1 <+ <Xy < Tpaq < -+ <ELD.
It can be proved that

lim z, =¢, and f(£) =0.

n—oo

7.3 Newton’s Method (Method of Tangens)

Let there is a root of the equation f(x) = 0. Newton’s method is equivalent
to replacing a small arc of the curve y = f(x) by a tangent line drawn to a
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point of the curve. Suppose, for definiteness, that f”(z) > 0 fora <x <b
and f(b) > 0. Choose, say, o = b for which f(zg) - f"(z¢) > 0. Drawn
the tangent line to the curve y = f(x) at the point By(xg, f(z¢)). For the
first approximation x; of the root ¢ let us take the abscissa of the point of
intersection of this tangent with x-axis. Through the point Bi(x1, f(x1))
again draw a tangent line whose abscissa of the intersection point with the
xr-axis yields a second approximation zs of the root &, and so on. It is plain
that the equation of the tangent at the point B, (x,, f(z,)), n =0,1,2,...
is

Yy — f(xn) - f/(xn)(x - xn)
Putting y = 0, x = x,,,1, we get formula

f(zn)

n

Note that if in our case we put xy = a and hence f(xzg) - f"(xg) < 0, then
drawing the tangent to the curve y = f(z) at the point A(a, f(a)) we would
get point x} lying outside the interval [a, ] and method does not work.

(7.2)

Theorem 24. If f(a) - f(b) < 0, f'(z), f"(x) are nonzero and preserve
signs over a < x < b, then, proceeding from the initial approximation
xy € [a,b] for which f(xy) - f"(x¢) > 0, it is possible, by using Newton’s
method (7.2), to compute the sole root & of equation f(x) =0 to any degree
of accuracy.

For the accuracy we have the formula

|£ - $n| S ‘xn — Tp—1|-

7.4 The Method of Iteration

Suppose we have an equation

f(z)=0 (7.3)

where f(x) is a continuous function and it is required to determine its real
roots. Replace (7.3) with an equivalent equation

r = p(x). (7.4)
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In some way choose a roughly approximate value of the root, zy, and
substitute it into the right member of (7.4) to get a number

1 = ¢(70). (7.5)

Now inserting z; in the right member of (7.5) in place of z(, we get a new
number

To = p(x1).

Repeating this process, we get a sequence of numbers
T, =@(xn_1), n=1,2,....
If this sequence is convergent then the limit

&= i, T

is a root of (7.3).
Geometrically, the method of iteration can be explained as follows (see
figure):

Theorem 25. Let a function ¢ be defined and differentiable on an interval
la, b] with all values ¢(x) € [a,b] . Then if there exist a proper fraction q
such that

@) <q<1

for a < x < b then the process of iteration
Ty =@(xp_1), n=1,2,...

converges irrespective of the initial value xy € [a,b]; the limiting value
¢ =lim,_ . x, 1s the only root of the equation

z = ¢(r)

on the interval [a,b].

Remark 2. The process of iteration may be divergent (see figure):
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7.5 The Method of Iteration for a System of Two
Equations

Let there be given two equations in two unknowns:

Fl(xay) - 07

Fy(z.y) = 0 (7.6)

whose real roots it is required to find to within a specified degree of ac-
curacy. We offer an iteration process which, under certain circumstance,
permits improving the given approximate values of the roots. To do this,
represent (7.6) as

z = p1(7,y),
y = pa(z,y), (7-7)

and construct the successive approximations according to the following
formulas

LTp+1 = 901(51'}”, yn)a

Yni1 = ©2(Tn, Yn), (7.8)
n=12,....

If there exist the limits

§= nhjgoxna n= T}LIIO]OQTL

then the point (£,n) is a root of (7.6).

Theorem 26. In a closed neighbourhood R = {a <z < A,b <z < B} let
there be one and only one root x =&,y =n of (7.7). If v1(z,y), wa(z,y)
are continuously differentiable in R; the initial approzimations (g, yo) and
all the succeeding approximations (Tn,yn), n =1,2,... belong to R;

(2, y)| + b (@, y) < @ < 1,
01, (@, 9)] + o, (2, 9)] < g < 1

then the process of successive approrimations (7.8) converges to the root
(&,m) of the system (7.7).
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7.6 Estimate of an Approximation

For the method of iteration we have
q

n

1€ — x| < - |z — xo).
It is possible to prove the inequalitity:
q
1€ — 2| < —— |z — 2.

=1y
Example 56. Find the real roots of the equation
xr—sinx =0,25
to three significant digits.
Solution. Write the equation as
x =sinz + 0, 25.

We establish graphically that the equation has one real root & approxi-
mately equal to zy = 1,2 in the interval [1,1;1,3]. Let us put

(x) =sinz + 0, 25.
Since ¢'(z) = cosx and |¢/(z)| <~ 0,62 = ¢, = € (0,9;1,5) then
Tp=sinz, 1+0,25, n=1,2,....

These approximations lie in the interval (0,9;1,5) and x,, — £ as n — oo.
We construct the successive approximations z,, n = 1,2,... until two
adjacent approximations x,_1, x, coincide to within the limits of error
equal to

1— 1
ST _0.51-2-1072 ~ 0,0025.
q 2
We have

r1=sin1,24 0,25 =1,182,
Ty = 1, 175,
xg3=1,173,
xy =1,172,
x5 =1,172.

Therefore £ = 1,17 4+ 0, 005.
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7.7 The Method of Iteration in a Common Case

Given a system of nonlinear equations of a form

r1 = p1(T1,72,. .., 7,),
To = 902(1;173723 o 73:71)7
Tn = ©p(T1, Ty .., Ty)
where the functions @1, ¢, ..., ¢, are real, defined and continuous in some
neighbourhood w of an isolated solution z7,3,...,2;. Introducing the
vectors
r = (:Clax?u <. 7xn)7

90:(90173027"'79071)

we can write this system as

x = o(x). (7.9)

In finding the vector root

= (27,25, ...,2))

of equation (7.9) it is often convenient to use the method of iteration
e = (2P, p=0,1,2,... (7.10)

where the initial approximation z(®) ~ z*. If all the approximations
2@ p =0,1,2,... belong to the domain w and z* is a unique root of
the system (7.9) in w, then

2 = lim 2.
P00

The method of iteration can also be applied to the general system

flxz) =0

where f(x) is a vector function defined and continuous in the neighbour-
hood w of an isolated root w*. For example, rewrite this system as

r=x+Af(x)
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where A is a nonsingular matrix. Introducing the notation

v+ Af(z) = p(x)

we will have

x = p(x).

7.8 Contracting Mapping

Let there be given a nonlinear system

y = ¢(z) (7.11)
where the functions ¢, 9, ..., ¢, are defined and continuous in a known
domain G of a real n-dimensional space F,,, their values (y1,v2, ..., yy) for

(1, T9,...,x,) € G filling some domain G’ C E,,. System (7.11) establishes
a mapping of domain G onto G'. The mapping ¢ is termed a contraction
mapping in the domain G if there exists a proper fraction ¢ such that for
any two points x*, ™ € G their images

satisfy the condition
ly" =y < qlla™ — 2™

That is
[p(z") — ()] < gl|lz™ — ™.

Theorem 27. Let domaing G be closed and let mapping (7.11) be a con-
tracting mapping in G. Then if for the iteration process (7.10) all successive
approzimations z?) € G, p=0,1,2,..., it follows that

1. irrespective of the choice 0 € G the process (7.10) converges, i.e.
there s the limit

z* = lim z®

P—00 ’

2. the vector x* is the sole solution of (7.11) in the domain G;
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3. the estimate

p

o+ — 2®)|| < 1q 2 — 2O
—dq

holds true.

Theorem 28. Let p(x), ¢'(x) be continuous in the domain G, and, in G,
let the inequality

Dpi(w)

n
/ _ / _
)l = s ) o = e 52 =25

j=1

‘§q<L

where q 15 a constant, hold true. If the successive approrimations lie in G,
then the iteration process converges to the sole solution in G.

Remark 3. The following inequality can be proved:

p
Jo* = 2 < 1T ol = O, p=0.1,2,
—q

where (1) = (2(") and ||z],, = max; |z;].



Chapter 8

Numerical Methods for Ordinary
Differential Equations

8.1 FEuler’s Method

Consider a differential equation

y' = f(z,y) (8.1)
with the initial condition

y(xo) = yo-
Let us construct a system of equally spaced points x; = x¢ + th, 1 =

0,1,2,... where h > 0.
In Euler’s method approximate values of

y(xi) =~ yi
are computed successively by the formula
Yie1 =Y + hf(zi,y), i=0,1,2,...

Here the required integral curve y = y(x), passing through the point
Mo (xo,v0), is replaced by a polygonal line MyMi M, ... with the vertices
M;(zi,y;), i = 0,1,2,.... Each segment M;M,; of this line, called Eu-
ler’s polygon, has the direction coinciding with that of the integral curve
of equation (8.1) which passes through the point M;.

If the right-hand member of (8.1) in some rectangle

R{|z — 0| < a, |y — wo| < b}
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satisfies the conditions

|f(z,y1) — f(z,92)] < Nly1 — 42|, N = const,
v
dr|

fot [ f)l <M, M = const

then we have the following error estimate:

) — ol < ar - [(1+ BN) = 1],

where y(z,) is the value of the exact solution of the equation for x = x,,
and y, is the approximate value obtained for the nth pitch. This formula
has only theoretical application. For practical purposes sometimes it turns
out to be more convenient to use double computation: the calculation is
repeated with the spacing h/2, and the error of the more accurate value
y» (obtained at h/2) is estimated in the following way:

yn — y(2)| = |y — Yl

Euler’s method is readily applied to systems of differential equations, as
well as to differential equations of higher orders. The latter should be first
reduced to a system of differential equations of the first order.

Consider the system of two equations of the first order

y, - fl(xuyaz)a
7 = f2(x7y7 Z)

for the initial conditions
y(ro) = yo, 2(z0) = 20
The approximative values
y(x;)) =y, and z(z;) = z
are computed successively by the formulas:

Yi+1 = Y; + hfl(xia Yi, Zi)v
ziy1 = zi + hfo(xi, vi, 2i),
i=0,1,2,.. ..
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8.2 Modifications of Euler’s Method

FEuler’s first improved method for solving the problem (8.1) consists in that
first the intermediate values are computed

h
Tit1/2 = Ti+ 5
h
Yit1/2 = Yi + 5 Jis

fi+1/2 = f($z‘+1/2, yi+1/2)7
and then put
Yir1 = Yi + hfiz1).

Using the second improved method (the Fuler-Cauchy method), first deter-
mine the “rough approximation”

Yir1 = Yi + L fi,
then compute
fir1 = f(@iy1, i)
and put approximately

fi‘i‘fiﬂ.

Yir1 =Yi +h- 5

The remainder terms of Euler’s first and second improved methods have
the order O(h?) for each spacing.

The error at the point x,, can be estimated with the aid of double com-
putation: the calculation is repeated with the spacing h/2 and the error
of the more accuracy value y (for h/2) is estimated approximately in the
following way

1
lyn — y(zn)| = glyi — Ynl,

where y(x) is the exact solution of the differential equation.
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8.3 Euler’s Method Complete with an Iterative Pro-
cess

The Euler-Cauchy method of solving the problem (8.1) can be made still
more accurate by applying an iterative process to each value y;. Namely,
proceeding from the rough approximation

let us form an iterative process

k h k—
y§+)1 =y + 5 [f(l‘z', yz) + f(xiﬂ, y§+11))] .

Iterations are continued until the corresponding decimal digits of two sub-

sequent approximations yﬁ)l, yﬁﬂ coincide. Then we put

o o (k+1)
Yi+1 =~ Yip1 -

As a rule, for a sufficiently small h iterations converge rapidly. If after
three-four iterations the necessary number of decimal digits do not coincide,
the spacing h must be decreased.

8.4 The Runge-Kutta Method
Consider the Cauchy problem for a differential equation

y' = f(z,9)
with the initial condition

y(70) = Yo-
Denote the approximate value of the sought-for solution at point z; by v;.
According to the Runge-Kutta method, the approximate value y;,1 at the
next point x;.1 = x; + h is computed by the formulas

Yit1 = i + Ay,
1 . . . .
Ayi= (1" +2k3" + 284" + K1)



NUMERICAL METHODS (Preliminary version) Josef Diblik, February 16, 2005 119

where

i ()

i i)

KV = hf(z + by + K3,

It is advisable to arrange all the computations according to the computa-

tional scheme shown in a table below.
The table is filling in the following order:

1.

2.

10.

11.

Write the numerical values of xg, yp in the first row of the table.

Compute f(zg,yo), multliply it by h and enter the result in the table
(0)
as K.

Write the numerical values of g+ h/2; yo+ K © /2 in the second row.

. Compute f(zg+ h/2,y0 + Kl(o)/2), multiply it by A, and enter the

result in the table as KQ(O).

. Write the numerical values of x¢ + h/2, yo + K /2 in the third row.

Compute f(zg + h/2,y0 + KQ(O)/2), multiply it by A, and enter the
result in the table as K?()O).

Write the numerical values of xy + h, yo + K§°) in the fourth row of

the table.

. Compute f(zg+ h,yo + Ki)()o) ), multiply it by h, and enter the result

in the table as Kio).
Enter the numbers Kfo), 2K2(0), 2K3(,0), LEO) in the column Ay.

Summate the numbers forming the column Ay, divide the sum by 6,
and enter the result as Ayy.

Compute y1 = yo + Ayp.
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Then continue computing following the same order, taking (x1, ;) for the
initial point.

K y K =nhf(z,y) | Ay
0] o Yo K K
zo+h/2 | yo+ K\ /2| KV 2 K\
zo+h/2 | yo+ K /2 | KV 2 K\
zot+h |w+ kK K"
Ay
1|2 Y1

The results of the computation of the right-hand member of f(z,y) may
be included in the table. But if the computations are too cumbersome, it
is good practice to enter them in a separate table.
Note that the interval of computation (the spacing) may be changed when
passing from one point to another. To check h for the proper choice it is
recommended to compute the fraction

(i) _ gr(d)

o |~ i

(1) _ go)|"
1 2

The quantity © should not exceed several hundredths, otherwise A should
be reduced. The order of accuracy of the Runge-Kutta method is h* over
the entire interval [zg, z,]. The error estimate with this method is rather
difficult. The error can be roughly estimated with the aid of double com-
putation by the formula

* 1 *

where y(x,) is the value of the exact solution of equation (8.1) for point
x,, and y’, y, are the approximate values obtained for h/2 and h.

8.5 Adam’s Method

Let for the equation
y' = flz.y)
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with the initial condition

y(xo) = Yo
three consecutive values of the required function (the “nitial interval” )
be found by one of the above considered methods

y1 = y(z1) = y(xo + h),
Yo = y(x2) = y(zo + 2h),
ys = y(w3) = y(wo + 3h).

With the aid of these methods we compute the quantities

G0 = hyo = hf (0, Y0),
g = hyy = hf(z1,p),
go = hyé - hf(x%yQ))
g3 = hys = hf(z3,y3).
Write down the numbers xy, y, y1., gx, k& = 0,1,2,3 in the table and com-

pute the finite differences of the quantity ¢ (the number above the stepped
line in table).

Ky | uk | Ay | vy = f(@e, uk) | ae = hyy, | Agr | A2q | Mgy
0o |yo|Ayo | f(x0,y0) o Aqo | A%y | A%
Lz |y | Ay | fzy,m) 7 Aqy | A%q | Aqy
2| zo | Y2 | Aya | f(22,702) 92 Ags | A%qy | APgy
3w |ys | Ays | fxs,ys3) q3 Ags

4\ wy | ys| Ays | f(24,ys) q4 Aqy

5| x5 | ys | Ays | f(25,y5) qs

6| 26 | Yo

The Adams method consists in expanding the difference table with the aid
of the formula

1 5 3
Ayp = qp + Aqp1 + —=A%q o+ - Nq 5, k=3,4,...
2 12 & (8 2)

)

which is called Adam’s extrapolation formula and is used for “predicting’
the value of

Yrr1 = Yr + Ayp.
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Let us denote the “predicted” value by y, +1 The value of Ay obtained by
formula (8.2) has to be specified. To this end we have to enter the values

/
Th415 Yk+15 Ypg15 Q41

in the table, supplement the difference table, and then check the compu-
tation by the “correction” formula

1 1 1
Ay = A — —NA%q_ o — — AN )
Yr = qk + 58 — 1A k-1 — o A%k, (8.3)

which is called Adam’s interpolation formula. We denote the value speci-
fied by formula (8.3) by y;%i. The formulas (8.2), (8.3) are of a very high
accuracy, yielding an error of order O(h?), but the formulas for estimat-
ing are rather complicated. For practical purposes the following is usually
taken into consideration. The error of the more accurate correction for-
mula (8.3) constitutes about 1/14 the difference between the values of Ay
calculated by formulas (8.2), (8.3). Therefore, if this difference does not
considerably exceed the permissible computational error, then the spacing
h is considered to be chosen adequately, and the computation is contin-
ued with the chosen spacing. But if at a certain stage of computation the
mentioned difference increases materially (and the calculations themselves
are void of errors!) then the spacing h should be decreased (it is usually
reduced by half).

Filling in the previous table:

1. Write down the numbers xy, yi, v, gx (k= 0,1,2,3), and compute the
differences Agy, (k= 0,1,2), A%q, (k= 0,1), Adq.

2. Using the numbers g3, Aga, A?q1, A3qy placed diagonally in the table,
determine by formula (8.2) for k£ =3

1 5% 3
Ays = A ZA? “A3¢.
Y3 Q3+2 Q2+12 Q1+8 qo

3. Compute x4 = x3 + h, y4s = y3 + Ays.

4. Enter the values x4, y4, find v} = f(x4,94), ¢4 = hyjj, and supplement
the difference table with the values of Ags, A2go, A3q;.
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5. Using the obtained values of the differences ¢, specify the quantity
Ays by formula (8.3) for k = 3:

1 1 1
Ays = “Ag — A — —ANPqy.
PBE=BT5RB— 58 025 80

6. If the corrected value of Ays differs from its predicted value by several
units of the lower retained order, then introduce the corresponding
corrections in the values of Ays and y4, check to see that the cor-
rections do not affects considerably the value of g4, and continue the
computation with the chosen spacing. If otherwise, choose a smaller
spacing.

7. The computations for k£ = 4,5, ... are accomplished in a similar way.

When carrying out computational work, it is more convenient to use trans-
formed Adam’s formulas, which express y;1 not in terms of the difference
Agq, but directly in terms of the quantity ¢. Thus, we obtain the extrapo-
lation formula of Adams in the form

h
Yk+1 = Yk + ﬂ(5592 ~ 59).1 + 3Ty — 9Yj_3)
and the interpolation formula of Adams in the form
h
Yrrr = U+ 5 (Whn + 1995 = Yy + Yio)-

The Adams method is readily applicable to systems of differential equa-
tions, as also to differential equations of the nth order.
Suppose we have a system of two equations

y/ = fl(x7 y7 Z)7
Z/ - fQ(xv Y, Z)
Adam’s extrapolation formulas for this system are written in the following

way:

1 5% 3
Ayp = pr + zApr—1 + Eﬁzpk—z + §A3pk—37

2
1 5% 3
Az, = “AG + —NA%2q_ o+ — A3,
2k Qk+2 dk 1+12 Qk2+8 qr—3,
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where

pe = hyp = hfi(Tk, Uk, 26), @ = hzp = hfo(Tr, Y, 21)-

Adams’ interpolation formulas for the considered system are written anal-
ogously.

8.6 The Finite-Difference Method in boundary value
problem for second order differential equation
1. Formulation of the problem

Consider the boundary-value problem
y' +p@)y +qlx)y = f(z),

ay(0) +0y'(0) = ¢, dy(1) +ey' (1) = f,

where 0 < z < 1 and a,b,c,d, e, f are fixed constant. There are a lot of
results stating when this problem has a unique solution. Due to time limi-
tation we not consider theoretical aspects of this problem. On an example
we show numerical approach to solution of this problem.

2. Example

Consider the following boundary-value problem for second-order differen-
tial equation

y' — xy + 3y = 2z, (8.4)

y(0) =0, 3y (1) +y(1) =2 (8.5)

where y = y(x). Solve problem (8.4), (8.5) numerically with the step
h=0,25.

Solution. Denote zop =0, x1 = 0,25, 9 = 0,5, 3 =0,75, x4 = 1 and put
Yo = 0. Then for every ¢ = 1,2, 3,4

y" (i) — 2y (2:) + 3y(zi) = 22;. (8.6)
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Expressing derivatives in (8.6) numerically we get (i = 0,1, 2,3,4)

Vil Z2it Y1 Yiel — Yic

- 3y; = 2,
0 on  HTE
or
h 2 h 2
(1 + 332'2) Yi-1+ (3" = 2)y; + (1 - 372'2) Yi+r1 = 2h7x;,

and, putting h = 0,25
(1+0,125x;) y;—1 — 1,8125y; + (1 — 0, 125x;) y;11 = 0, 125x;.
Considering values 7 = 1,2, 3,4 we get

1,03125y, — 1,8125y; + 0, 96875y, = 0, 03125,
1,0625y; — 1, 8125y + 0, 9375y; = 0, 0625,
1,09375y, — 1,8125y; + 0, 90625y = 0, 09375.

1,125y — 1,8125y, + 0, 875y5 = 0, 125.

Second condition in (8.5) leads to

3y (w4) + y(wg) = 2

1.e.
y(zs5) — y(xs)
—9
5025 Tywm)=2
Ys — Y3
35— 93 —9
0.5 T2
or

0,5

5 (2—y4)+y3=0,3—0,16y4+y3.

Ys =

125

Taking into account this relation and value yy which follows from initial

problem we get resulting tridiagonal system:

—1,8125y; + 0,96875ys = 0,03125,
1,0625y, — 1,8125y5 + 0,9375y; = 0,0625,
1,09375y, — 1,8125y5 + 0,90625y, = 0,09375,

2y — 1,9583y, = —0,16.

Expressing step by step from the first equation y;, then from the second
one 19, from the third one y3 we get from the fourth equation the value of
y4. Backward procedure gives values y3, 42 and y;. Finally, note that the

exact solution is y(r) = 2 — 2.
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8.7 The Finite-Difference Method for partial differ-
ential equations. Dirichlet problem

Let © € R x R and € is its boundary. The following problem is called

Dirichlet problem: to find the function v = u(x,%) continuous on € :=
2 U 012 such that

Uy, +uy, = f(2,y), (v,y) €Q,
u(x7y) - go(:z:,y), (:U,y) € 01},

where f(z,y) is a given continuous function on 2 and @(x,y) is a given
continuous function on 9¢). Concerning the terminology - the operator

0? 0?
V2=~ 4 =
Ox? * Oy?
is called Laplacian (Laplace’s operator), equation
Viu =0 (8.7)

is called the Laplace’s equations and equation

v2u - f(xay)

is called Poisson’s equation. The last equation arise in the study of various
time-independent problems, e.g. in the steady-state distribution of heat in
a plane region.

For numerical solution of the Dirichlet problem is necessary to express
the Laplacian in a discrete form suitable for numerical computations. In-
troduce rectangular grid with uniformly spaced grid points (z;,y;) € €2,
Tit1 = x; + h, yj+1 = x; + h. Then we calculate the approximation u;; to
the exact value u(z;,y;) of the solution u(x,y). From the Taylor expansion
of the function u(z,y) (supposing y; is fixed) we have:

Ou(zi,y;),  10%u(w;,y;)
u(z; + h,y;) ~ u(x,y;) + Tﬂh + Z!Tjhz’

u(zi, y, 1 0*u(w;, yj
u(xl - hayj) ~ u(xiayj) - (5xj)h + Q'éx?j)hz’

or, numerically,

0% 1
833;] = ﬁ(—Quij + Uig1,; + uifl,j).
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Proceed similarly for variable y (now the variable z is fixed) we get

0%y 1
53/;] - ﬁ(—%ij + U1+ Uigo1).

Substitution of these 2 numerical relations into the Poisson’s equation leads
to the numerical scheme

— 4u,-j + Ui—1; + Uip1; + Ui j—1 + U1 = th(xi, yj). (88)
In particular, if f(z,y) =0, then
— 4uij + Ui—1 + U1, + Ui j—1 + Ujjr1 = 0. (8.9)

Formula (8.9) relates the function value in its four neighboring values
(“Laplace stencil”)

WUit1,5, Ui—1,55 Wi j+1, Ujj—1-

For any interior grid point (x;,y;) we will write the equation (8.8). When
a point (zg,y;) € 0f2 then we substitute corresponding value wu(zy,y;) by
value ¢(zg,y;). In n is the number of interior grid points then this pro-
cedure leads to the system of n linear equations for n unknown functions.
Summing up we conclude: each interior grid point introduces an equa-
tion to be solved. Better approximation require a more dense grid and
very many equations might be needed. For computational processing some
techniques that reduce the amount of the storage were developed.

Example 57. Find an approximate solution to Laplace’s equation (8.7)
in the region
Q={(z,y) €[0,1] x [0,1],y < x}

with the stepsize h = 0,2, if the boundary values are

u(x,0) = —z, x € [0, 1],
U(l,y) = _y4 + 6y2 — 17 Y € [07 1]7
u(z, z) = 4at, x € [0,1].

Solution. Corresponding grid consists of points (z;,y;) with¢ =0, 1,2, 3,4, 5,
J=20,1,2,3,4,5 and ¢ < j. For simplicity renumber u9; as uy, us; as uo,
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Ug1 AS U3z, Uz2 AS Uyg, Ugo aS Uz and uyg as ug. Boundary values are

ugp = 0,
U190 = —0, 24 = —O, 0016,
Ug0 = —0, 44 = —0, 0256,
i = —0,84 = —0, 4096,
uso = —1,

uso = —1,

U] = —0,24+6-0,22— 1=-0,7616,
Uso = —0,44—1—6~0,42— 1 =—-0,0656,
U3 = —0,64+6-0,62—1: 1, 0304,
uss = —0,84+6-0,8 — 1 = 2,4304,
U55:—1+6—1:4,
and

ugp = 0,

U = 4-0,24 = 0,00064,

U9 = 4-0,44 = 0,1024,

U3z = 4—0,64 =0,5184,

Ug4 :4-0,84 = 1,6384,

U55=4-1=4.

Corresponding system of equation is

—dauy +0,0064 + uy — 0, 0256 + 0, 1024 = 0,
—4’M2 + Uy + Uz — 0, 1296 + Uyg = 0,

—dug + uy — 0,7616 — 0, 4096 + us = 0,
—4uy 40,1024 4+ us + uo + 0,5184 = 0,
—4U5 + uyg — O, 0656 + Uz + Ug = 0,

—4ug 40,5186 + 1, 0304 4+ us + 1,6384 = 0.

After simplifying we get

—4du; +  us = —0,0832,
Uy — 4UQ + us + Uy = O, 1296,
Uy — 4U3 + Us = 1,1712,

Us — dug +  us = —0,6208,

uz + Uy — 4U5 + Ug — O, 0656,

us — dug —3,1872.
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By Gauss eliminations method we get easily the numerical solution:

w(0.4, 0.2) ~ u1 = 0, 0086,
u(0.6, 0.2) ~ uy = —0, 0489,
u(0.8, 0.2) ~ ug = —0,2612,
(0.6, 0.4) ~ uy = 0, 1868,
u(0.8, 0.4) ~ us = 0,1751,
(0.8, 0.6) ~ ug = 0, 8406.
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